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PREFACE. 


The subject selected by the Examiners for the Adams Prize for 
1882 was 

A general investigation of the action upon each other of two 
closed vortices in a perfect incompressible, fluid.” 

In this essay, in addition to the set subject, I have discussed 
some points which are intimately connected with it, and I have 
endeavoured to apply some of the results to the vortex atom theory 
of matter. 

I have made some alterations in the notation' and arrangement 
sin.ce the essay was sent in to the Examiners, in so doing I have 
received great assistance from Prof, a H. Darwin, F.E.S. one of 
the Examiners, who very kindly lent me the notes he had made 
on the essay. Beyond these I have not made any alterations 
in the first three parts of the essay: but to the fourth part, which 
treats of a vortex atom theory of chemical action, I have made 
some additions in the hope of making the theory more complete : 
paragraph 60 and parts of paragraphs 58 and 59 have been added 
since the essay was sent in to the Examiners. 

I am very much indebted to Prof. Larmor of Queen’s College, 

Galway, for a careful revision of the proofs and for many valuable 

suggestions. 

* 

J. J. THOMSON. 

Teinitt OohiEqb, Oambeidge. 

October 1st, 1883. 
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INTEODUCTIOK 


In this Essay the motion of a fluid in ’which there are circular 
vortex rings is discussed. It is divided into four parts, Part I. 
contains a discussion of the vibrations ’which a single vortex 
ring executes -when it is slightly disturbed from its circular form. 
Part II. is an investigation of the action upon each other of two 
vortex rings which move so as never to approach closer than by a 
large multiple of the diameter of either ; at the end of this section 
the effect of a sphere on a circular vortex ring passing near it is 
found. Part III. contains an investigation of the motion of two 
circular vortex rings linked through each other; the conditions 
necessary for the existence of such a system are discussed and the 
time of vibration of the system investigated. It also contains an 
investigation of the motion of three, four, five, or six vortices 
arranged in the most symmetrical way, i.e. so that any plane per- 
pendicular to their directions cuts their axes in points forming the 
angular points of a regular polygon ; and it is proved that if there 
are more than six vortices arranged in this way the steady motion 
is unstable. Part IV. contains some applications of the preceding 
results to the vortex atom theory of gases, and a sketch of a vortex 
atom theory of chemical action. 

When we have a mass of fluid under the action of no forces, 
the conditions that must be satisfied are, firstly, that the ex- 
pressions for the components of the velocity are such as to satisfy 
the equation of continuity; secondly, that there should be no 
discontinuity in the pressure ; and, thirdly, that if F {oo, y, z, t) = 0 
be the equation to any surface which always consists of the same 
fluid particles, such as the surface of a solid immersed in a fluid or 
the surface of a vortex ring, then 


dF dF dF dF ^ 

dt dx dy dz 

where the differential coefficients are partial, and u, v, w are th( 
velocity components of the fluid at the point x, y, z. As we use in 
the following work the expressions given by Helmholtz for the 
velocity components at any point of a mass of fluid in which there 
is vortex motion ; and as we have only to deal wdth vortex motion 
which is distributed throughout a volume arid not spread over a 
surface, there will be no discontinuity in the velocity, and so no 
discontinuity in the pressure ; so that the third is the only con- 
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dition we have explicitly to consider. Thus our method is very 
simple. We substitute in the equation 


dF , dF dF 
dt dx dy 



the values of w, w given by the Helmholtz equations, and we 
get differential equations sufficient to solve ^ny of the above 
problems. 

We begin by proving some general expressions for the momen- 
tum, moment of momentum, and kinetic energy of a mass of fluid 
in which there is vortex motion. In equation (9) § 7 we get the 
following expression for the kinetic energy of a mass of fluid in 
which the vortex motion is distributed in circular vortex rings, 

2U S {23 F- (/§ + ^ + A f )} + ip m + + »’) pciS, 


where T is the kinetic energy; ^ the momentirm of a single 
vortex ring; £+, 91 the components of this momentum along 
the axes of x, y, z respectively; F the velocity of tfle vortex ring; 
y, g, h the coordinates of its centre ; p the perpendicular from the 
origin on the tangent plane to the surface containing the fluid ; 
and p the density of the fluid. When the distance between the 
rings is large compared with the diameters of tfle rings, we prove 
in § 56 that the terms 





dt 




for any two rings may be expressed in the following forms ; 

_ 2 dS 

— zviTTpa r , 


or 


mTri'Trpa^a'^ 




(3 cos ^ cos 0' — cos e). 


where r is the distance between the centres of the rings; and 
m' the strengths of the rings, and a and a their radii; & the 
velocity due to one vortex ring perpendicular to the plane of the, 
other ; eis the angle between tfleir directions of motion ; and 6^ 
6' the angles their directions of motion make with the line joining 
their centres. . 

These equations are, I believe, new, and they have an important, 
application in the explanation of Boyle’s law (see §56). 

We then go on to consider the vibrations of a single vortex 
ring disturbed slightly from its circular form ; this is necessary for 
the succeeding investigations, and it possesses much intrinsic 
interest. The method used is to calcnlate by the expressions given 
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by Helmholtz the distribution of velocity due to a vortex ring whose 
central line of vortex core is represented by the equations 

p = a, + cos n^Jr-\-j 3 „ SIR nxlr), 

^ S (7^ cos n'ilr + sin n-^), 

where p z, and are semi-polar coordinates, the normal to the 
mean plane of the central line of the vortex ring through its 
centre being taken as the axis of .3: and where the quantities a , 
small compared with a. The transverse section pf 
the vortex ring is small compared with its aperture. We make 
use of the fact that the velocity produced by any distribution of 
vortices is proportional to the magnetic force produced by electric 
currents coinciding in position with the vortex lines, and such that 
tke strength of the current is proportional to the strength of the 
vortex at every point. If currents of electricity flow round an 
anchor ring, whose transverse section is small compared with 
Its aperture, the inagnetic effects of the currents are the same as if 
all the currents were collected into one flowing along the circular 
axis of the anchor ring (Maxwell’s Electriaity and Magnetism, 2nd 
'ii n * ^ Hence the action of a vortex ring of this, shape 

will be the same as one of equal strength condensed at the central 
line of the vortex core. To calculate the values of the velocity 
components by Helmholtz's expressions we have to evaluate 
/’"■ cos nd.dd , 

Jo V(g - cos d) ’ ^ integral occurs 

m the Planetary Theory in the expansion of the Disturbing 
Function, and various expressions have been found for it ; the 
case, however, when q is nearly unity is not important in that 
tliGory, and no Gxpx’GSsions iiavG boon givGn wbicb convGrgG quickly 
in this^ case. It was therefore necessary to investigate some 
expressions for this integral which would converge, quickly in this 
case ; the result of this investigation is given in equation 25, viz, 

1 cos nd . dO 
nrJo ^Xq — Cos6) 


= '^Fii-n,i + n,l,- lx) jlog - 4 p + J 

+ l + K,(n^-i) K-l) 




1 


ra58+ ••• 


(8!)"2« 


(m!f2’' 
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where Z" = 1 + 1 ^ , and q = l+x-, F{ ) denotes as 

zm — 1 


usual the hyper-geometrical series. 

In equations 10—18 the expressions for the components of the 
velocity due to the disturbed vortex at any point in the fluid are 
given, the expressions going up to and including the squares of 
the small quantities a„, ; from these equations, and the 

condition that if F {x, y, gf, i) = 0 be the equation to the surface of 
a vortex ring, then 


dF dF 


dF dF 

-f +w-T- = 0,, 

dy dz 


we get 

I log ^ - ¥(’^) - 1} • • .(equation 3.7), 

where m is the strength of th© vortex, e the radius of the transverse 

1 

section, and / (n) = 1 -1- ^ -1- . . . : 


this is the velocity of translation, and this value of it agrees very 
approximately with the one found by Sir William Thomson : 

- 1) |log ^ " 4/ (k) - 1| ; (equation 42). 

We see from this expression that the different parts of the 
vortex ring move forward with slightly different velocities, and 
that the velocity of any portion, of it is Vajp, where V is the undis- 
turbed velocity of the ring, and p the radius of curvature of the 
central line of vortex core at the point under consideration ; we 
might have anticipated this result. ' ' 

These equations lead to the equation 




dt 


Y + 1) = 0 : (equation 44), 


where 


L-- 


mi 


^Tfd 


_^log5^ _4/(w)-l}- . 
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Thus we see that the ring executes vibrations in the ^period 


Stt 


[n^ {n^ — 1 )] ’ 

thus the circular vortex ring, whose transverse section is small 
compared with its aperture, is stable for all displacements of its 

Thomson has proved that 
t IS stable for all small alterations in the shape of its transverse 
section; hence we conclude that^it is stable for all small displace- 
ments. A limiting case of the circular vortex ring is the straio^ht 
columnar vortex column; _we find what our expressions for the 
times of vibration reduce to in this limiting case, and find that thev 
agree very approximately with those found by Sir William Thomson 
who has investigated the vibrations of a straight columnar vortex! 
We thus get a confirmation of the accuracy of the work. 

_ In Part II. we find the action upon each other of two vortex 
rings which move so as never to approach closer than by a large 
multiple of the diameter of either. The method used is as follows- 
let the equations to one of the vortices be 


p — a + S (a„ cos n'xir -f sin nyfr), 

5! = 5 -P ^ (ry^ cos wijp + 8^ sin ; 

then, if 3R. be the velocity along the radius, w the velocity perpen- 
dicular to the plane of the vortex, we have 

^ ^ (s' ™ " 

and, equating coefiicients of cos in the expression for we 
^e that dajdt equals the coefiicients of cos nylr in that expression 
Hence we expand M and w in the form 

H cos t/t - p B sin i/r -p A' cos 2^|r + B' sin2yjr + ... 

and express the coefficients A, B, A', B' in terms of the time ; 
and thus get differential equations for 8^, The calcu- 

iation ot these coefficients is a laborious process and occupies 
pp. 38 — 46. The following is the result of the investigation: If 
two vortex rings (I) and (II.) pass each other, the vortex (1.) 
moving with the velocity p, the vortex (II) with the velocity m 
their directions of rnotion making an angle e with each other ; and if 
c IS the shortest ^distance between the centres of the vortex rino-s, 
0 the shortest distance between the paths of the vortices, in and 
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m the strengths of the vortices (I.) and (II.) respectively, a, h 
their radii, and k their relative velocity ; then if the equation to the 
plane of the vortex ring (II.), after the vortices have separated so 
far that they cease to influence each other, be 

^ ~ S "h 7 cos + S' sin + . . ., 

•where the axis’ of .s is the normal to the undisturbed plane of 
vortex (II.), we have 

7 ' == ^^^sin® ^ P e) V(c^ — 0^) ~ • (equation 69), 

0 sin® g /- 4g®\ , ,. 

a' = _ (equation 71), 

and the radius of the ring is increased by 

sin® e - 0 ") (1 - • (equation 74), 

where V ( 0 ® — g®) is positive or negative according as the vortex (II.) 
does or does not intersect the shortest distance between the paths 
of the centres of the vortices before the vortex (I.). 

The effects of the collision may be divided in three parts: 
firstly, the effect upon the radii of the vortex rings ; secondly, 
the deflection of their paths in a plane perpendicular to the plane 
containing parallels to the original directions of motion of the 
vortices ; and, thirdly, the deflection of their paths in the plane 
parallel to the original directions of motion of both the vortex 
rings. 

Let us first consider the effect upon the radii. Let g = c cos 
thus <j 5 ) is the angle which the line joining the centres of the vortex 
rings when they are nearest together makes with the shortest 
distance between the paths of the centres of the vortex rings; <f) is 
positive for the vortex ring which first intersects the shortest 
distance between the paths negative for the other ring. 

The radius of the vortex ring (II.) is diminished by 

ma^b 2 .3 . r, , 

Thus the radius of the ring is diminished or increased accord- 
ing as sin 3^ is positive or negative. Now is positive for one 
vortex ring negative for the other, thus sin 30 is positive for one 
vortex ring negative for the other, so that if the radius of one. 
vortex ring is increased by the collision the radius of the other 
will be diminished. When 0 is less than 60° the vortex ring which 
first passes through the shortest distance between the paths of the. 
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centres of the rings diminishes in radius and the other one increases 
When (j) is greater than 60“ the vortex ring which first passes 
through the shortest distance between the paths increases in radius 
and the other one diminishes. When the paths of the centres of 
the vortex rings intersect 4> is 90“ so that the vortex ring which 
first passes through the shortest distance, which in this case is the 
point of intersection of the paths, is the one which increases in 
radius. When cf) is zero or the vortex rings intersect the shortest 
distance simultaneously there is no change in the radius of either 
vortex ring, and this is also the case when ^ is 60“. 

Let us now consider the bending of the path of the centre of 
one of the vortex rings perpendicular to the plane which passes 
through the centre of the other ring and is parallel to the orio-inal 
paths of both the vortex rings. “ 

We see by equation (71) that the path of the centre of the 
vortex ring (II.) is bent towards this plane through an angle 

I cos 3(5f), 

this does not change sign with <p and, whichever vortex first passes 
through the shortest distance, the deflection is given by the rule 
that the path of a vortex ring is bent towards or from the plane 
through the centre of the other vortex and parallel to the original 
directions of both vortices according as cosS^ is positive or negative, 
so that if (j6 is less than 80“ the path of the vortex is bent towards, 
and if (j) be greater than 30“, from this plane. It follows from this 
expression that if we have a large quantity of vortex rings uniformly 
distributed they will on the whole repel a vortex ring passing by 
them. 

Let us now consider the bending of the paths of the vortices 
in the plane parallel to the original paths of both vortex rings. 
Equation (69) shews that the path of the vortex ring (II.) is bent 
in this plane through an angle 

— — g-p- sin® e sin ^^pg_{q—p cos e) 

towards the direction of motion of the other vortex. Thus the 
direction of motion of one vortex is bent from or towards the 
direction of motion of the other according as sin 3(56 {q~p cos e) is 
positive or negative. Comparing this result with the result for 
the change in the radius, we see that if the velocity of a vortex 
ring (II.) be greater than the velocity of the other vortex (I.) 
resolved along the direction of motion of (II.), then the path of 
each vortex will be bent towards the direction of motion of the 
other when its radius is increased and away from the direction of 
motion of the other when its radius is diminished, while if the 
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velocity of the vortex be less than the velocity of the other resolved 
along its direction of motion, the direction of motion will be bent 
from the direction of the other when its radius is increased and 
■yfoe versa. The rules for finding the alteration in the radius were 
given before. 

Equation (75) shews that the effect of the collison is the same 
as if an impulse 


— sin® e sin Sep, 

parallel to the resultant of velocities p — gr cose., and q—p cose 
along the paths of vortices (II.) and (I.) respectively and an 
impulse 


pq^ • ^ 
dTTpe^k^ 


sin® e cos 




parallel to the shortest distance between the original paths of the 
vortex rings, were given to one of the vortices and equal and 
opposite impulses to the other ; here 3 and are the momenta of 
the vortices. 

We then go on to investigate the other effects of the collision. 
We find that the collision changes the shapes of the vortices as 
well as their sizes and directions of motion. If the two vortices are 
equal and their paths intersect, equations (78) and (79) shew that, 
after collision, their central lines of vortex core are represented by 
the equations 


p = a — 


mirn^a^ e 

V3 (TOc//r)^ 


sin (2-v]>' -\-nt+ e), 



mir'da'^ a /2 

w 


cos (2'\[r + nt + 

■{ncjlc)'^ 




where 27 r/w is the free period of elliptic vibration of the^ circular 
axis. These are the equations to twisted ellipses, whose ellipticities 
are continually changing ; thus the collision sets the vortex ring 
vibrating about its circular form. 

We then go on to consider the changes in size, shape, and 
direction of motion, which a circular vortex ring suffers when 
placed in a mass of fluid in which there is a distribution of velocity 


given by a velocity potential II. 


We prove that if denotes 


differentiation along the direction of motion of the vortex ring, 
I, m, n the direction cosines of this direction of motion, and a the 
radius of the rina. 
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^ _ 1 \ 

^ fa ! 

dt dJf d^h 1 

dm _ d^a d^a [ 

dt did ~^dydh 

dm __ d^a d'^a 

dt ^ did dz dh ^ 


(equation 80). 


The first of these equations shews that the radius of a 
vortex ring placed in a mass of fluid will increase or decrease 
according as the velocity at the centre of the ring along the 
straight axis decreases or increases as we travel along a stieam 
line through the centre. We apply these equations to the case of 
a circular vortex ring moving past a fixed sphere^ and find the 
alteration in the radius and the deflection. 

In Part III. we consider vortex rings which are linked through 
each other. ^ We shew that if the vortex rings are of equal strengths 
and approximately circular they must both lie on the surface of an 
anchor ring whose transverse section is small compared with its 
aperture, the manner of linking being such that there are always 
portions of the two vortex rings at opposite extremities of a diameter 
01 the transverse section. The two vortex rings rotate with an 
angular velocity ^mlird^ round the circular axis of the anchor ring, 
whilst this circular axis moves forward with the comparatively slow 

velocity log - , where m is the strength and e the radius of 


the transverse section of the vortex ring, a is the radius of the 
circular axis of the anchor ring and d the diameter of its trans- 
verse section. 

We begin by considering the effect which the proximity of the 
two vortex rings has upon the shapes of their cross sections; since 
the distance between the rings is large compared with the radii of 
their transverse sections and the two rings are always nearly 
parallel, the problem is very approximately, the same as that of two 
parallel straight columnar vortices, and as the mathematical work 
is more simple for this case, this is the one we consider. By means 
of a Lemma (§ S3) which enables us to transfer cylindrical har- 
monics from one origin to another, we find that the centres of the 
transverse sections of the vortex columns describe circles with the, 
centre of gravity of the two cross sections of the vortex columns as 
centre, and ^ that the shapes of their transverse sections keep 
changing, being always approximately elliptical and oscillating about 
the circular shape, the ellipticity and time of vibration is given by 
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GQiiQition (89). AVg tliGn go on to discuss tliG trS/USVGisG^ vibrations 
of tb-G CGntral lines of vortGx core of two equal vortex rings linked 
together. We find that for each mode of deformation there are 
two periods of vibration, a quick one and a slow one. 

If the equations to the central line of one of the vortex rings he 

p = a + a^ cos n^jp + sin 


z = ^ cos n-ylr + sin 

and the equations to the circular axis of the other be of the same 
form with a^', 7/, S/, written for cc„, I3n, prove 

a^ — A cos (vt ■^e) — B cos (/xt + e') ^ 

= A cos {vt + e)-^B cos {/J^t + e') 

^ A sin {vt + 6) +B sin {p,t + e) ^ (equation 96), 

^ tt fyi 


7. 




^ A sin {vt +e)-B sin {jxt + e') 


where 


V 


m 

27r<x‘ 


(n"- 1)} log 


de ’ 


m f 2 


(2«."-l) 

4a^ 



Thus, if the conditions allow of the vortices being arranged in 
this way' the motion is stable. In § 41 we discuss the condition 
necessary for the existence of such an arrangement of vortex rings; 
the result is, that if I be the momentum, V the resultant moment 
of momentum, r the number of times the vortices are linked through 
each other, and p the density of the fluid, then I, V are constants 
determining the size of the system, and the conditions are that 


I = ^mirpa^. 


r= mirprad^. 

These equations determine a and d; from these equations we get 

* _ 4r (4m7rp)^ 

~ rl^ 


Now d^a^ must be small, hence the condition that the rings 
should be approximately circular and the motion steady and stable, 
is that r {^nTTpYIrP should be small. We then go on to consider the 
case of two unequal vortex rings, and in § (43) we arrive at results 
similar in character to those we have been describing; the chief 
difference is that the system cannot exist unless the moment of 
momentum has a certain value which is given in equation (105), 
and which only depends on the strengths and volumes of the 
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vortices, and the number of times they are linked through each 
other. 

In the latter half of Part III. we consider the case when oi 
vortices are twisted round each other in such a way that they all 
lie on the surface of an anchor ring and their central lines 
of vortex core cut the plane of any transverse section of the 
anchor ring at the angular point of a regular polygon inscribed in 
this cross section. We find the times of vibration when n equals 
3, 4, 5, or 6, and prove that the motion is unstable for seven or 
more vortices, so that not more than six vortices can be arranged 
in this way. 

Part IV. contains the application of these results to the vortex 
atom theory of gases, and to the theory of chemical combination. 



ON THE MOTION OF VOETEX EINGS. 


§ 1. The theory that the properties of bodies may be 
explained by supposing matter to be collections of vortex lines in 
a perfect fluid filling the universe has made the subject of vortex 
motion at present the most interesting and important branch 
of Hydrodynamics. This theory, -which was first started by Sir 
William Thomson, as a consequence of the results obtained by 
Helmholtz in his epoch-making paper “ XJeber Integrale der hydro- 
dynamischen Gleichungen welche den Wirbelbewegungen ent- 
sprechen has d priori very strong recommendations in its favour. 
For the vortex ring obviously possesses , many of the qualities 
essential to a molecule that has to be the basis of a dynamical 
theory of gases. It is indestructible and indivisible ; the strength 
of the vortex ring and the volume of liquid composing it remain 
for ever unaltered ; and if any vortex ring be knotted, or if two 
vortex rings be linked together in any way, they will retain for 
ever the same kind of be-knottedness or linking. These properties 
seem to furnish us with good materials for explaining the per- 
manent properties of the molecule. Again, the vortex ring, when 
free from the influence of other vortices, moves rapidly forward 
in a strmght line ; it can possess, in virtue of its motion 
of translation, kinetic energy;' it can also vibrate about its circular 
form, and in this way possess internal energy, and thus it affords 
us promising materials for explaining the phenomena of heat and 
radiation. 

This theory cannot be said to explain what matter is, since 
it postulates the existence of a fluid possessing inertia ; but it 
proposes to explain by means of the laws of Hydrodynamics all the 
properties of bodies as consequences of the motion of this fluid. 
It is thus evidently of a very much more fundamental character 
than any theory hitherto started ; it does not, for example, like the 
ordinary kinetic theory of gases, assume that the atoms attract 
each other with a force which varies as that power of the distance 
T. 1 


2 


ON THE MOTION OF VORTEX RINGS. 

wMch is most convenient, nor can it liope to explain any property 
of bodies by giving the same property to the atom. Since this 
theory is the only one that attempts to give any account of the 
mechanism of the intermolecnlar forces, it enables us to form much 
the clearest mental representation of what goes on when^ one atom 
influences another. Though the theory is not sufiiciently de- 
veloped for us to say whether or not it succeeds in explaining 
all the properties of bodies, yet, since it gives_ to the subject of 
vortex motion the greater part of the interest it possesses, I shall 
not scruple to examine the consequences according to this theory 
of any results I may obtain. 

The present essay is divided into four parts : the first part, 
which is a necessary preliminary to the others, treats of some 
general propositions in vortex motion and considers at some length 
the theory of the single vortex ring ; the second part treats of the 
mutual action of two vortex rings which never approach closer 
than a large multiple of the diameter of either, it also treats of the 
effect of a solid body immersed in the fluid on a vortex_ ring 
passing near it ; the third part treats of knotted and linked 
vortices ; and the fourth part contains a sketch of a vortex theory 
of chemical combination, and the application of the results 
obtaining in the. preceding parts to the vortex ring theory of 
gases. 

It will be seen that the work is almost entirely kinematical ; 
we start with the fact that the vortex ring always consists of the 
same particles of fluid (the proof of which, however, requires 
dynamical considerations), and we find that the rest of the work is 
kinematical. This is further evidence that the vortex theory 
of matter is of a much more fundamental character than the 
ordinary solid particle theory, since the mutual action _qf two 
vortex rings can be found by kinematical principles, whilst the 
“ clash of atoms ” in the ordinary theory introduces us to forces 
which themselves demand a theory to explain them. 


PAET I. 


Some General Propositions in Vortex Motion. 

§ 2. We shall, for convenience of reference, begin by quoting 
tho tormiilae we shall require. We shall always denote the com- 
ponents of the velocity at the point (x, y, z) of the incompressible 
fluid by the letters, u,v,w', the components of the angular velocity 
of molecular rotation will be denoted by rj, 


Velocity. 

§ 3. The elements of velocity arising from rotations y, 
in the element of fluid dx'dy'dz are given by 


y {P “ ^') -V(y- y')] dx'dy'dz' 


8v 


Sw 


2^3 (x - x') -^'(z- /)} dx'dy'dz' 
^3 W {y - y') - v - «')} dx'dy'dz' 


...( 1 ), 


where r is the distance between the points {x, y, z) and {x, y', z). 


Momentum. 

§ 4. The value of the momentum may be got by the following 
considerations : Consider a single closed ring of strength m, the 
velocity potential at any point in the irrotationally moving fluid 

due to it is — ^ times the solid angle subtended by the vortex 
27r • 1 . r 

ring at that point, thus it is a many-valued function whose cyclic 

constant is 2m. If we close the opening of the ring by a barrier, 
we shall render the region acyclic. Now we know that the motion 
at any instant can be generated by applying an impulsive pressure 
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to the surface of the vortex ring and an impulsive pressure over 
the barrier equal per unit of area to p times the cyclic constant, p 
being the density of the fluid. Now if the transverse dimensions 
of the vortex ring be small in comparison with its aperture, the 
impulse over it may be neglected in comparison with that over the 
barrier and thus we see that the motion can be generated by a 
normal impulsive pressure over the barrier equal per unit ot area 

to %mp. 

Resolving the impulse parallel to the axis of a, we get ; . 

momentum of the whole fluid system parallel to a; = 2mpx X 

(projection of area of vortex ring on plane yz), 

with similar expressions for the components paraUel to the axes of 
y and z. 

Thus for a single circular vortex ring, if a be its radius and 
\ Li V the direction-cosines of the normal to its plane, the corn- 
ponents of momentum parallel to the axes of so, y, z respectively 

27rpma 

^irpma^p, 

2'7rpma^v. 

The momentum may also be investigated analytically in the 
following way: 

Let P be the' a; component of the whole momentum of the fluid 
which moves irrotationally due to a single vortex ring of strength m. 

Let fl be the velocity potential, then 

d(j^^ 7 7 7 

p -j- ax dy dz. 


Integrating with respect to x, 

P^'^lpia^-a^dydz, 

where and are the values of O at two points on opposite 
sides of the barrier and infinitely close to it. Now the solid angle 
subtended by the ring increases by diw on crossing the boundary, 
thus 

“* Xig “ 2??7' J 

therefore P ==^mjjp dy dz, 

where the integration is to be taken all over the barrier closing 
the vortex ring ; if X, /i/, v be the direction-cosines of the normal to 
this barrier at any point 

P = 2mp JfXdS, 

where dS is an element of the barrier. 
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Now jjxcis = 4/(y|-4f)*, 

where ds is an element of the boundary of the barrier, i.e. an 
element of the vortex ring, thus 

= p HRyK - ^y 

and if we extend the integration over all places where there is 
vortex motion, this will be the expression for the x component of 
the momentum due to any distribution of vortex motion. 

Thus, if P, Q, R be the components of the momentum along 
X) y, z respectively, 

-P = P RRyK - ^v) dx dy dz ] 

Q^pRRz^--x^)dxdydz\ ( 2 ). 

p jRipv ~ y\) dx dy dz) 

Again = 


But where a force potential V exists, 

where x ~ + 1^+ i (vel.)** 

(Lamb's Treatise on the Motion of Fluids, p. 241) ; therefore 

Since x is single-valued and vanishes at an infinite distance, 


Again, /// (v? - wy) dxdydz-^0 

(Lamb’s Treatise, p. 161, equation 81) ; therefore 

dt ’ 

or P is constant. We may prove in a similar hfrom any 

B are constant; thus the resultant momentum 
distribution of vortices in an unlimited mass of fluid lema 
constant both in magnitude and direction. 
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Moment of Momentum. 


§ 5. Let L, M, N "be the components of the moment of 
momentum about the axes of co, y, z respectively ; let the other 
notation be the same as before ; then for a single vortex ring 

L = p fjf(wy — vz) dx dy dz 

= p JJIy (Xlj — Og) dxdy — z — O^) dx dz] 

= 2mp JJ(zfz - yv) dS ; 

this surface integral is, by Stokes’ theorem, equal to the line 


integral 


So 


dx 


L = mpl{z^ + y'^)-j^ds 
= P flK^' + y") ^ dz ) 

and if we extend the integration over all places where there 
is vortex motion, this will be the expression for the x component 
of the moment of momentum due to any distribution of vortices. 
Thus 

L = p!J!{f-^z^)^dxdydz] 

M^p jjl{z^ + x^) 7] dx dy dz> 

^ ^ dx dy dz] 


.( 3 ). 


Again, 
as before, 


dL 

dt 

dt 

dw 

dt 




dw 


■ — 2u^ ■ 

■ 2u7] — 2v^ - 


dv 

^di 

dy ’ 

dz ’ 


'jdxdydz; . 


dL 


thus 2 My ~V^)-Z - u^)] dx dy dz 


+ 




Since % is a single-valued function, the last term vanishes, and 


M dxdydz=jjjz jw 


dw 

dy 


dv 

dz 


dv 

dx 


du\ 

dyj] 


[ dxdydz. 
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Integrating this by parts, it 
= jjizw^dxdz — zwvdxdy — zuvdydz + ziddxdz) 

dw dw du , du \ _ 

The surface integrals are taken over a surface at an infinite 
distance M from the origin; now we know that at an infinite 

1 

distance u, v, w are at most of the order ^ , while the element of 
surface is of the order i^^ and 0 is of the order R ; thus the surface 
integral is of the order ^ at most, and so vanishes when R is in- 
definitely great. 


Integrating by parts, similar considerations will shew that 
J* ^ dxdydz = 0, 

^ dxdydz = 0 ; 

so the integral we are considering becomes 

dw , du , \ ^ 

jssf) ~ jf. zv ■^ +vw \ dxdydz \ 


or, since 
it 


/ 

du dv dw ^ 


-Iff 


since 


0V ^ — w ^ dxdydz 
ffj vwdxdydz, 

dll 

zv-^ dxdydz = 0. 


Similarly 2 ^JJy {uy — dxdydz — Jffvwdxdydz, 


and thus 


dt 


///{y ('^’7 ■~v^)~-z - u^)] dxdydz ~ 0 ; 


thus L is constant. We may prove in a similar way that ]\£ ar 
N are also constant, and thus the resultant moment of momentuix 
arising from any distribution of vortices in an unlimited mass o‘ 
fluid remains constant both in magnitude and direction. When 
there are solids in the fluid at a finite distance from the vortices 
then the surface integrals do not necessarily vanish, and the mo- 
mentum and moment of momentum are no longer constant. 
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Kinetic Energy. 


§ 6. The kinetic energy (see Lamb’s Treatise, § 136) 
= +v{z^- xt;) + w{xr]- y^)] dxdydz ; 

this may be written, using the same notation as before, 


where ^ means summation for all the vortices. 


ds 


dx 

'2'S 


ds 


We shall in subsequent investigations require the expression 
for the kinetic energy of a system of circular vortex rings. To 
evaluate the integral for the case of a single vortex ring with any 
origin 0 we shall first find its value when the origin is at the centre 
C'; then we shall find the additional term introduced when we 
move the origin to a point P on the normal to the plane of the 
vortex through C', and such that TO is parallel to the plane of the 
vortex ; and, finally, the term introduced by moving the origin from 
P to 0. 


When the origin is at G', the integral 


= 2pmjVads, 

where V is the velocity perpendicular to the plane of the vortex. 
If V' be the mean value of this quantity taken round the ring, the 
integral 

= 4!7rpma^V'. 


When we move the origin from G' to P, the additional term 
introduced 


— — 2pm Jp dlds, 


where is the velocity along the radius vector measured outwards, 
and p the perpendicular from 0 on the plane of the vortex ; thus 
the integral 


When we change the origin from P to 0 the additional term 
introduced 

= 2pm Jg cos (p Yds, 

where c is the projection of OG' on the plane of the vortex ring, and 
p the angle between this projection and the radius vector drawn from 
the centre of the vortex ring to any point on the circumference. 


Let us take as our initial line the intersection of the plane of 
the vortex ring with the plane through its centre containing the 
normal and a parallel to the axis of z. 
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Let t/t be the angle any radius of the vortex ring makes with 
this initial line, co the angle which the projection of 00' on the 
plane of the vortex makes with this initial line ; then 

(j) ='\p' — CO. 

Let V be expanded in the form 
■jr = p"' 4 - ^ cos ^ sin + 6^ cos 2^/^ + D sin 2-^1^ + &c., 
then / cos cf) Vds = wa {A cobco+B sin co). 


Since V is not uniform round the vortex ring, the plane of the 
vortex ring will not move parallel to itself, but will change its aspect. 
We must express A and B in terms of the rates of change of the 
direction-cosines of the normal to the plane of the vortex ring. 

Let the perpendicular from any point on the vortex ring at the 
time t + dt on the plane of the ring at the time t be 

Sj + Sa cos sin^Jr ; 


thus the velocity perpendicular to the plane of the vortex 


d:z 


dl3 . 




Comparing this expression with the former expression for the 
velocity, we get 




dt’ 


A 


doL 

dt' 


B = 


dt' 



We must now find in terms of the rates of change of the 

direction-cosines of the normals to the plane of the ring. 
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Draw a sphere with its centre at the centre O' of the vortex 
ring. Let A, B, G be the extremities of axes parallel to the axes 
X, y, z. Let I be the pole of the ring determined by e and 6 as 
shewn in the figure. .Let MN be the ring itself and P any point 
on it defined by the angle The displaced position of the plane 
of the vortex ring may be got by rotating the plane of the ring 
through an angle S/3/a about the radius vector M in the plane of 
the ring for which ^1^ = 0, and through an angle Soc/a about the 

radius vector JV for which = - . The first rotation leaves 0 un- 
changed and diminishes e by Sj3/a sin 6 ; the second rotation 
diminis hes 6 by 8a/a and leaves e unaltered, thus 

a 


Se = — 


S/3 


o sin ^ ' 

If I, m, n be the direction-cosines of I it is clear that 
Z = sin 0 cos 6, m= sin 6 sin e, n = cos 6, and 

bi = cos ^ cos 6 + sin 6, 

a a 


hm- 

Sn- 


8x 

a 

a 


cos ^ sin e ' 
sin 


S0 


cos .6, 


It follows at once that 
da _ a dn 
dt sin 6 dt ’ 
therefore 

{dn cos 0 ) 


djS 


dm 

sin 6 ^ cos e 

dt dt 


A. cos Cl) + P sin &> ■ 


dt sin^ 


+ 


dl 


dm 


,,sm 6 — 7 - cose 
dt dt 


^ sin ct) I . 


Now if X', fi, v' be the direction-cosines of the projection 
of 0 O' on the plane of the vortex ring, and f q, h the coordinates 
of G', 

X' = cos e cos 0 cos &> — sin e sin a, 
fjf = sin 6 cos 6 cos cd -f cos e sin (o, 
y =— sin ^ cos ft). 

It is also easily proved that 
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1^ — ~ > 


7i- 


np 


thus 


p = lf-\- mg + nh. 

Sin 0 csm 6 csm 6 

sin CO = a cos e — X' sin e = (fJ^l — X'm) 

sin ^ ' 

1 

-Q - 'mf ) ; 


Acob 0 + B sin co 


a idn 
sin d\dt 


c sin 


cos CO + 


/dl dm,\ . ) 


This, after substituting for cos co and sin co the values given 
above, 

a /, dn dm ■, j,dl\ 


dt 


Thus 

2pmC7ra {A cos g) + .B sin co) 


r. 0 ! r-dl . dm , dn 


Thus the kinetic energy of the vortex ring 

d „ f M dm , r dn\ 

= 2pm liTGd F - 2mpp {'iro?) - ^Trpma^ (/ ^ ^ j ' 

If I be the momentum of the vortex ring, viz, 2'irpma\ and 
4Zl, the components of I along the axes of w, y, z respectively, 
this may be written, since p = lf+ mg + nh, 


2IF 


-(/ 


d^ . 


dt 


■+g 


dt 


dt 


and thus the kinetic energy of any system of circul^ vortex rings 


= S 2/F 




Y dt 


dt 


dt 


.( 8 ). 


This expression for the kinetic energ is closely 
to Clansiu/ expression for the virial in the ordinary m 
tlieory of gases. 

§ 7. We have in the preceding 
the bounding surfaces were infinitely j. -^ye shall' 

so that the surface integrals might be energy when 

however, require the expression for the kinetic energy wiien 

this is not the case. 
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Tlie expression 

JJf{u {y^- zy) + v[z^- x^) + w{xy~- y ^) } dx dy dz 

becomes, on integrating by parts and retaining the surface in- 
tegrals, supposing} however, that the boundaries are nxed so txiat 

lu + mv + nw — 0, 


if I, m, n are the direction-cosines of the.normal to the boundary 
surface, 




JJJ + + vf) dx dy dz 

- ip If (y + dydz+y dxdz + z dxdy ) , 


or if be an element of the surface and p the perpendicular 
from the origin on the tangent plane 

= ip Iff - iv ff 

But by the preceding investigation it also equals 


S 2IF. 




dt 


m 

dt 


Thus T, the kinetic energy, is given by the equation 

T= +9'^+ + ®’+ • -(a)- 


MOTION OF A SINGLE VOKTEX. 


§ 8. Having investigated these general theorems we shall go 
on to consider the motion of a single approximately circular vortex 
ring. We shall suppose that the transverse section of the vortex 
core is small compared with the aperture of the ring. _ We know 
that the velocity produced by any distribution of_ vortices is pro- 
portional to the magnetic force produced by electric currents coin- 
ciding in position with the vortex lines, and such that the strength 
of the current is proportional to the strength of the vortex at 
every point. Now if currents of electricity flow round an anchor 
ring, whose transverse section is small compared with its aperture, 
the magnetic effects of the currents are the same as if all the 
currents were collected into one flowing along the cen ra ine o 
the anchor ring (Maxwell’s Treatise on Electrioity and Magnetism, 
2nd edition, vol. II., § 683). Hence the action of a vortex nng of 
this shape will be the same as one of equal strength condensed at 
the central line of the vortex core. 


Let the equation to this central line be 

p = a + cos sin n-f, 

2 ,'= 5 + cos TO-f + K 

when z' o are the cylindrical coordinates of a point on the 
When p, nf f.hfi vortex ring being 


whPii y n w are tne cyiinarioai - r — . 

central ~ W mSiS S 

Itfehthe »g“^i/mktured. a the central 

linp of tho vortex core, X the perpendicular from the orij,m _ 
line ot the vortex ^ 5 f ^ quantities which are 

mean plane of the vortex, ana a„, the vortex 

very small compared with a. Let be the strength ot th^^° te 

ring, e the radius of the transverse section f 
equations (1), the velocity components due to a vortex 


property of 

OBBIE msmilTE Of TECHM 
IIRRARY 


iuai 
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strength, situated at the central line of the vortex core, are 
given by 

m r 1 f , dz' , dcd] , , 

where r is the distance between the points {x, y, z) and (x', y', z’), 
and the integrals are taken all round the vortex ring. 


Now 

aj' = p cos = a cos + a„ cos cos ^ + /5„ sin cos 

2 /' = p sim/o = a sin cos U'^ sin + /3^ sin sin t/t, 

therefore 


dx' 

d'yp' 

d^ 

d'yjr 

d'yjr 


a sin ijlr — siuT^ (a^ cos n-^ + /9,^ cos n^Jr) 

— n cos -\fr (ct,^ sin cos n^jr), 

(zcos'xir + cos yjr (a^ cos n-\lr + /3^ sin 7i^lr), 

— w sim/r sin n^|r — cos 

n sin cos ny^). 


In calculating the values of u, v, w we shall retain small 
quantities up to and including those of the order of the squares of 
an) Yn) K’ Although, for our present purpose, which is to find 
the time of oscillation of the vortex about its circular form, we only 
require to go to the first powers of a^, &c,, yet we go to the higher 
order of approximation because, when we come to consider the 
question of knotted vortices, we require the terms containing the 
squares of these quantities. 


If JR, <j), z be the cylindrical coordinates of the point x, y, z, 

= {p® + Ii^--2p B cos {^ — ‘\jr)+(z — z'y]^ 

now when we substitute for p its value it is evident that -4 can be 
expanded in the form 


^ (^) (As + -S, cos m/r + Cj sin cos 2nyjr + sin 2ny^) 

X cos s ~ (f>) , 

where A, contains terms independent of and (7, are of the 

first, and and E^ of the second order in these quantities. 



MOTION OF A SINGLE VOETEX, 

The part of which is independent of a„... is evidently 
1 r2rr cos S 0 do 

TT j 0 {a^ + R^ + / - 2ai? cos Of ’ 
but we shall investigate the values of all these coefficients later. 


Velocity parallel to the axis of x. 


§ 9 . In the equation 

m r^TT q 


u = 


2ttJo 




the expression to be integrated becomes, when the values for 
, , dy' dz T ^ , 

y ^ ^ ^ Ids' ’ fd substituted and the terms arranged in order of 

magnitude, ^ being written for — j, • 

1 

p {^a cos + ny sin cos wa/t) 

+ \{{n + 1) + (n — 1) ay^ cos (71 + 1) iln 

- — 1) + (n + 1) cos {n ~ 1) 

+ l[{n + 1) + (w - 1) aSJ sin, {n + l)f 

- I- [(?i - 1) + (w 4- 1) aSJ sin (w - 1) a/t 

+ n K - % / 3 J sin A/r - 1 (a,^ SJ cos f 

- i («« 7n - K) {cos (2w + l)f+ COS (2w - 1) A|r} 

“ i (“» + 7 n / 3 J {s™ +l)f + sin { 2 n - 1 ) f]). 

Let us consider the term ^ d^Jr, 

27rJo r® ^ 

Expanding ^ this equals 

m r^TT 

^ d'^ ^a cos A|r S” (s) {{A + cos nf + sin n^jr 

^Trjo 

+ D, cos 2 wA|r 4 ^ 1 , sin 2 wA|r) cos s (a/t — 
Eemembering that 


/'2ir 

I cos cos WA^ cZA|r = 0 if w does not equal n, 
Jo 


this equals 
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— [ d-Jr COS -y/r x 

Ztt j 0 

+ [{4 cos (t -</>)] 

+ H-^n« cos{t-( + cos{t + ( w-l)c^>}] 

+ ^ [^n-l ("^ + ( “ 1 ) '^’1 “ ^n +1 {'^ ■“ ( + 1 ) 

+ i- FA +1 COS if - (2w + 1) + -C> 2„-1 COS + (2n -l)(p}3 

+ i [^L - 1) ‘^’1 “ ~ +V<P}1) 


= \ma^{A^ cos 0 
+ i i^n+i cos ( w + 1) 0 + .S„-i 

+ 2 F An+l CCS + 1) <^ + -^Zn-l 


cos ( ?i — 1) </> + C^„_i sin ( , “Ji I.) ^ 

+ <^«+iSio + 

cos (271-1) + sin (2u— </> 

+ JE.,„^,sm (27^ + l) 


Similarly, ve may prove that 

L ^ 2 / ( 7 „ sin nf - S„ cos nf) df 
27r j 0 I" 

= I mny ( 7 „ sin nj> — S„ cos n(f)) + C^o7n "■ 

+ i (^ 2 H %. ” ^«) sin 2n(f)-^ + 0^^ 7„) cos 2?7 < 5 ^} , 

and that 

IHl r \ {(% + 1) + (w - 1) a7j cos {n + 1) 

liTT J Q T 

= I'm {(w + 1) + (w - 1) n7„} 

X (X . cos (w + 1) ^ + 2 (-^1 cos <fi~- sin (f> + cos (2?i +1) cjS» 
and that 

? [^’'i((77-l)^a„+(77 + l)a7„]cos(77-l)fcZA/r 

w j 0 y* 

= {(n - 1) + (?1 + 1) ^7 J 

X [A^_^ cos {n — 1) (}> + ^ cos G^ sin <f> + oos {2n X ) ^ 

+ <^2n-iSin(277 -l)< 3!))}, 

and that 

?- r ^ + 1) + (« - 1) a^n] sin {'ll + 1) fdf 

47rj 0 r 

= |m {(w + 1) Wn + “ 1) ^K) 

X sin (?i + 1 ) <^ + i ( 5 , sin (j)+ G^ cos <p + sin ( 2?7 + X ) ^ 

-C^2„«cos(2n,+l) 
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m 

4i7r 


r’ 1 ((„ _ 1) 5-/3,. + (« + !) aS.l sin (» - 1) 

{(ii — 1) + (” + 1) , -.I . 

1 4 , .ia (« - 1) ^ i ( - A sin + 0. oos ^ + 5,.., sm (2n - 1) ^ 

The iategral of the terms involving the products a„, • 

1 77 Z [nA, (ocJ„ - /S„7j sin (f> “ ^ _ i ^ 

- i W. + A7J ^ ^ 7 ^ , 

Ttos « = terms act oontamii^ tfre\ee7nd TOWer"*' ' ' 
tie first power + terms containing a^. • • 

The term not containing , (I O') 

^^m^aJ.coscf) 

The terms containing - to the first power 

= 4m[2*»y^«(7.sinn</>-S.<!0Sft((>) ^ _ , , , , 

* + {?» + [(“ + 1) ^'‘•+ ~ lit, 

+ l^a (?.„ + [(n + 1) + (- 1) ^ + 1 ti an 

+ {?a 0 .., - [(« - 1) + (« + sm («. - 1) </>] . 0 )• 

The terms containing a„. . .to the second power 

a. 1 - a . + A,S..) + (?“. - ‘‘'tJ a + (?/3. - nW 0,1 cos f 

1 1 {2 (51 - to.) A + (? A + A - (?;. + »7.) C>m ^ 

+ Wto.-iK”-!) ?r„ + (n + l)<»7jto. 

, I _ 1 (,X + to.) + i K« + 0 + (n - 1) 

1 J [(«_ 1) ?.,.+ (n + 1) «7J 0..,+ »?to.l s-n (2n- 1) fl ^ (12) 


T. 
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§ 10 . 


_ m p"' 1 


{x 


dz' , 




The expression to be integrated becomes on substitution 


^ [^a sin 'xjr — nx {%, sin — S„ cos 

- {(w + 1) + (n - 1) aS„} cos (w + 1) '»|r 

- ■|{(7^ - 1) ^/3„ + (n + 1) aS„} cos (71 - 1) t/t 
+ -I {(w 4- 1) -f (n - 1) a 7 „] sin (w + 1) olr 
+ 1 {(w ~ 1) ^a„+ [n + 1) a 7 „} sin (w - 1) t/t 
H- (/3«7« - cos^|r-^ (a„ 7 „ + /3„a J sin 'yjr 

- i (a«7,^ - A.^n) {sin sin (2 to - 1) f] 

- i (« A + A 7 J {cos (27?, - 1) T|r - cos (271 + 1) f }]. 


The term 


= I TTid^ [aA^ sin (jE) + ■!■ {A+i sin (re + 1) 0 — A-i sin (re — 1) ^ 

~ cos.(re + 1) (^ + (7„_j cos (re - 1) 0} 
+ 1 {^sn+i ^in (2re + 1) <;«) - sin (2re - 1) (j!) - cos (2re + 1) 

+ -E^ 2 «-i cos (2re-l) (/)}]. 

The term 

^(7nSin??T|r-S„COS7l'v|r)c?'f 

= - 1 mre/c {A^ ( 7 „ sin re<^ - cos retjf)) + (7„7„ - /3„S„. 

+ i(A»7n“C',A)sm2re<^ 

- i (A«^« + ^ 2 « 7 „) cos 2re<^}. 

The term 

-^{{n + 1 ) {n~'^)aK]j p cos (n + 1 ) ^|r .dyjr _ 

= ~lm {(re + 1) fA + (^^ - 1) 

x {J^i cos (re + 1) <^ + i (A cos <^ - A sin (jE) + A«+i cos (2re + 1) 0 

+ A„^,sin(2re + 1)<^)}. 

The term 

- £; {{» - 1) % + (« + 1) (n-l)fdf 

= - Im {(re - 1) ^A + (?1 + 1) aS„} 

X {^^J, cos (re - 1) (^ + 1 (A cos ^ + A sin (^ + An-i cos (2re - 1) (f> 

^ - + A«-iSin(2re-l)»} 
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The term 

m 1 

[(71 + 1 ) ^c(„ + (n — 1 ) a 7 „] j p sin (n + 1 ) '\j!^ d^jr 

= i m {(n + 1 ) + (n - 1 ) a%,} 

X sin (n + 1) + ^ sin (j> + O^cos (j) + sin {2n +1) (ft 

- C^2n«cos (2?l + l) <^)} 

The term 

£; {(’^ - 1 ) + 1 ) a 7 »} p sin (n-l)f d^lr 

= I m {(ti - 1) + (71 + 1) a7„} 

X [ sin (n - 1) (^ + J- {- B^ sin 0 + O', cos <jE> + sin (27^ - 1) 

- cos ( 2 w - 1 ) <^}] 

The integral of the terms involving the products a,^, /3,^. . . 

= ^ m {n (/ 3 „ 7 ,^ - ot„ 8 „) cos (a„^„ + A, sin </> 

- i sin (271 + !)</>- sin (277 - 1 ) <^} 

- i («nS. + A, 7 j {^ 2.-1 cns (277 -!)</)- cos (277 + 1 ) cj>]]. 

Thus V = terms not containing a ^. . . + terms containing a„. . .to 
the first power + terms containing a^... to the second power. 

The term not containing a„. . . = ^m^aA^ sin 0 (13). 

The terms containing a^... to the first power 
= i 777 [- 2 nosA„ ( 7 ,^ sin n(j) - cos n^) 

~ {[(77 + 1) + {n - 1) aSJ A,,, + cos (77 + 1) 

- {[(77 - 1) ^/ 3 „ + (77 + 1) aSJ A,_, - a^O„J cos (77 - 1) </> 

+ {[(77 + 1) + (77 - 1) a7»] -^»+i + 

+ {[(77 - 1) + (77 + 1) a7„] '^in (n-l)<p] ... (14). 

The terms containing a„. . .to the second power 
= 1-777 [- 77 ^r { 7 „ (2 + B^,^ sin %ij> - G,^ cos 2 n<f>) 

- (25„ + cos 277(^ + (7,,, sin 277</))} ■ 

+ n^z ( 0 . 7 ., - oA) -4. - (?A “O A + {K 0 , 1 ,) a.} cos 4 , 

+ (4 (“A + At.) ^!»h - i K® + 1 ) SS« + (>» - 1) 

- i [(» + 1) Sec, + (71 - 1) ®s.] - aSE„J cos (2n + 1) 

H- {- 1 (“A + A 7 .) --^..,-1 “ 4 [(“ “ 1 ) 63 . H- (»» ■^ 1 ) A .^1 

- 4 [(« - 1 ) fa. + (« + 1 ) ®y.] C,._. + oos ( 2 ii - 1 ) 
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+ {- i (««%. “ ^nK) ^ 2n+l + 2 [(^ + 1) + (^ - 1) -^2 

- j [(» + 1) + (^ - 1) 

+ {i (“.T. - AO + 4 [(» - 1) + (» + 1) “tJ A«-i 

- 4 [(» - 1) ?A+ (» + 1) 


§ 11 . w = 


The expression to be integrated becomes after substitution 

1 r(f -a(y sin '\lr +. cos f) + 2a («„ cos n^jr + /3„ sin n^|r) 

^ /s 

+ i(n + l) (y^n - cos {n + l)f 

+ ^(n-l) {xa^ + y^J cos (ti, - 1) 

- i (w + 1) (y\ + «/3J sin (w + 1) 

- - 1) ( 2 /a„ - ^c/3„) sin (71 - 1 ) ir 
+ (a®^ cos’‘?i'»|r + 2a„/3,, cos nf sin + /3\ sin® titIt)]. 

mi . m 1 , 

The term 

^TTia® {2 A, + j 5„ cos 7 i<;f) + (?„ sin n<i6 + cos 2n(f) + sm 2n(f)). 


The term - — r {y sin ^}r + x cos f) 
putting x — R cos <f), y = JR sin (p becomes 

_7^ P 1 

ZTT Jo 'T 

= - \maJR, \2A^ + cos ncp + ((7„+i + 0^_^) sin n<p 

+ (A«« + A«-i) cos 27i<jE, + sin 2n<p-\ 

The term - T’" % (a„ cos nf + JB„ sin W'f ) df 
Trjo -r 

= ma [.1, (ti„ cos tup + A sin mi|i) + 

+ i (A A - AA) 2np + 4 (0,.a„ + AA.) »“ 2n.#.] 

r27r ' • 

The term £; (n + 1) J ^ ^ cos (w + 1) ird^r 

+ (y/3„-a?0 

X cos (ti + 1) (jf) + -^ (-5^ cos ^ — (7j sin (p 

+ B,„^,cos(2n + l)(p + 0,^^,sw(2n + l)(P)]. 


21 


MOTION OF A SINGLE VOETEX. , 

Tlie term j- (n - 1) + y^,) - cos {n - 1) 

47r j 0 ^ 

= ^|(7i-l)(a:a„ + 2//3J 

X {^„_j cos (7^ - 1) 0 + i (i?, cos + 6\ sin 0 

+ cos (2n - 1) c^) + sin (2n - 1) (f)] 

The term - 1) iv^n + A) J ^ “s sin + 1) ird^|r 

= -’|(« + l) (Z/a„ + ir/S„) 

X sill {n+l)4> + ^ [B^ sin <f>+ cos ^ 

+ sin (2?2 + 1) ^ - (72^+1 cos {2n + 1) <j)]}. 

r2Jr J 

The term -^{n- 1) (2/«„ - ^A.) J ^ ;;3 sin (w - 1) 

X Bin (ti — 1) ^ + i (— B^ sin G^ cob ^ 

+ 52 „-x sin {^n -l)c}i~ G,,_, cos (2?i - 1) (f>)]. 

The term containing the second powers of a„... 

= ^ (« + /3“ J A + ^ («“« - AJ cos 2n<j> + a,M.n sin 2n<^}. 

Thus w = terras not involving «„ + terms containing a^... to the. 
first power + terms containing a„... to the second power. 

The terms not involving a„ 

= I m (2d‘\ - aBA j) - - (16). 

The terms involving a„...to the first power become after substi- 
tuting for X and y, B cos 0 and B sin (f> respectively 

[(a®i?„ — ;|ujR (-S^+i + 

+ ^Boi, {(n - 1) A^_, - (u + 1) cos nej, 
4- (cd Crt — ( C7„4 .i + Ai-i) + 

+ - 1) - (^ + 1) ^«-J) 

The term involving a^. . . to the second power 

= m \aaJS^ + a/3^(7o “ I + 2 ^0 

+ ^ { Ra„ [(71 - 1) - (^ + 1) J 

— i?/3^ [(u — 1) — (u. + 1) (Aji+il + 4'U (-^aA “ , 

+ (An+l + J + ^ « - /3'n) ^2.1 COS 27^</> 
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+ 1 fEa„ [{n - 1) - (^ + 1) A. rn rf 4 . B B) 

+ U“E„^ - 2a-R {^2n+i + X 8). 

+ sin 2n(^] determine the values of the 

1 12. We must J symbols A^, B„, C\, &c. 

il at 1 determine the coefficients in the expansion of 

[p^ +R^ + ^- 2-Rp cos {6 - c^)}^ ’ 

or as it is generally mitten for symmetry, of 
’ 1 

{1 + a^- 2acos {d-^)f’ 

in the form 

21^ + 31, cos cos -<?))+.... 

This problem also occurs in the Planetary Theop^ in the expan- 
sion of the disturbing function, and consequently these coefficients 
have received a good deal of attention ; they have been coiisidei^cd 
by, amongst others, Laplace, in the Mecamque Celeste, t. I. ^ , 

Pontecoulant, Du Bystlme du Monde, vol. III. chap. II. 

These mathematicians obtain series for these coefficients pro- 
ceeding by ascending powers of a. The case we are most con cornea 
with is when the point whose coordinates are B, z, (f> is close^ to tlie 
vortex ring, and then B is very nearly equal to p and ? is very- 
small, so that a is very nearly equal to unity, and thus the series 
given by these mathematicians converge very slowly, and are almost 
useless for our present purpose. We must investigate some expres- 
sion which wiU converge quickly when a is nearly unity. 

Our problem in its simplest form may be stated as follows, if 

T = Co + c. cos $ +. . . 0 ,. cos nd+..., 

{q — Qos6)^ 

we have to determine c^ in a form which will converge rapidly if q 
be nearly unity. 

Let 


1 = ^ 0 + cos 0 +...&,» cos n0+... . 

{q — cos 9y 

Then by Fourier’s theorem, 
d0, 



1 


~ 

n 



1 

h = 

- 

n 

■TrJo 


cosn0 


.=if 


'27r 


d0 


{q — cos 6y 
cos nO 

{q - cos of 


do, 


6„ = 


2'irJo {q. 

1 


27r 


cos Oy 

de 


27rj 0 cos^)^‘ 
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Now ^ ^ 

d smw0 n cos nO , {cos {n-l)e -_cg i(!i±llg] . . jm, 

'd0(q-co&ef {q-coBef {q- cos 6f 

Integrating both sides with respect to 0 between the limits 0 
and 27r, we have w \ 

or ” ®n-l ^n +1 

Keducing the right-hand side of eqnation (1 9) to a common 
denominator, we have 

d0 ((q—QOS 0)^ 

_ Asnq cos n0 - -I- 1) cos (n-l)0 + (2n - 1) cos (n + l)_g] ^ 

{q — cos 0)^ 

Integrating both sides with respect to 0 between the limits 0 
and 27r, we get 

0 = 4inqGn — {(2»i + 1) + (2w — 1) (21). 

By means of^his and equation (20), we easily get 

......••( 22 ) ; 

and thus if we know the values of the h% we can easily get those 
of the c’s, and as the h's are easier to calculate we shall determine 
them and deduce the values of the c's. 

Let V ^ = h^ + h, cos 0 +. . \ cos n0 +. . . . 


(g - cos 0)^ 

By differentiatiomwe have 

( 1 - ■“ 2 ) 


4-F: 


d^V 


dq^ dq '^ d0^ ’ _ 

hence, substituting for V the value just written and equating t e 
coef&cients of cos n0 we have 




0 . 


Let = + 

where <f) (g) and ^Jr (g) are rational and integral algebraic functions 


of g- 


Substituting in the differential equation, we find 
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Let ns change the variable from q to a?, where a? - 1, the 
equations then become 

® (2 + a:) ^ + 2 (1 + ^ - i) '#’ = O' 

Let ^ +•••• 

Substituting in the differential equation, for <^, we find 

®m+l “ 

therefore 


■ m 


2(m+l)^ 

f GO 

^ (x) = »„ jl + (n® - I) 2 




StfV, l 

bJ +“ 

( 3!7 

w ^ J 


^ {x) - %F {\-n, I + u, 1, - \x). 

(x) = tto + a^x + a^x^ +. . .a,„a;”* + . . .. 
Substituting in the differential equation for ’xjr (x), we find 

2 


Let 


71® — i — m . m + 1 

y S= 2 ^ /y 

“^m+1 - s. o w,. 


So 


2(m + l)® m + 

f (x) = a^FQ-n, i-i-n, h- ^x) 

+VK-i) («’-!) 


(24), 


+¥ (»■- i) (*»’-!) (»»’-¥) («’ 

where the general term inside the bracket 

= 2 (i +4 

To complete the solution we have to determine the values of 
and Kq. W e shall do this by determining the value of when q is 
very nearly unity, or when x is small. 

(20)^h^^^ ill exactly the same way as we proved equation 

4:nq\ = (27^ - 1) + (27i + 1) 

4n (1 + a)) = (2,^ _ 1) + (2,^ q. 1) 


or 
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By the help of this sequence equation we can express \ in 
terms of 6o and in the form 

5, = (A + Bx ■+ Gx^ + W +. . .) \ + {A' + B'x + a V + . . .) 

We only want now to determine and a^, i.e. the parts of '(Jr 
and d> independent of x, thus we only want the coefficients -q 
A' in the equation just written ; now evidently A. and A be 
the same as if we put x = 0 in the sequence equation and then 
determine in terms of b^ and 6^ 

The sequence equation becomes, when x = 0, 

== (2w — 1) q (2 to + 1) 

the solution of this is I \ 

where G and G' are arbitrary constants. 

Determining the arbitrary constants in terms of b^ and b^, we 
find 1 A 

6, = 26o + (K - 26o) (l + H • • • ’ 

for in the sequence equation involving &<,, ’Hb, must be written 
instead of b^, , 

1 dd _1 d0 

Now COS^) TT J 0 V(9' + 

1 dd 

■ Trio V(^?d-1~'2 sin ^d) 

1 d9 




where 


q + 1’ 
4 


“ W(g + i) J 0 V(i - ' 

Now,/ when k is very nearly unity, we know that 
f “’"____^^--_ = lo£r ^ approximately, 

where /q = v'(l - ‘ 


20 ON THE MOTION OE VORTEX RINGS. 

Therefore, when q is very nearly unity 

26, = log |4 a/(|^)} approamately. 


T cos6 dd 
^/iq-oosB) 


TTj 0 


2"‘ (19 

0 7(5 


V(g-cos 0) d9+^l 

= _ i + 1) [^V(l - sin"</>) d<f) + 2%. 

TT •'0 

When h is very nearly unity 

V(1 “ 7c® sin’*^) d^ = l approximately ; 

T 4a/2 

therefore o^ = ■- — ^ 

Therefore, when g is very nearly unity, 

comparing this with our former solution for 6„, WQ find 

V2 


TT 


and 


Thus 


1 cosw^ 


2n — l 


= -f 

‘ wj 


d9 


0 A/(q-co8 0) 

= ^ J + «,!,- 1®) I log -4(^1 + 4 +. . . 2 ;^)} 




1 of 


(2 

+ (n‘ - i) («> - i). . .(rf - i (2m - 1)=) + . } (25). 

2 ^IH- 4 so that 

ir.=2, r,= 3,z,=^, j5r,=%i&0 


where 
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If denote the sum of the reciprocals of the natural, 
numbers up to and including n, then 

l + ^ + i + = =/(w)say. 

Now . 577215 +logn + ^ 

see Boole’s Finite Differences, 2nd edition, p. 93, 

1 , 

Thus / (n) = . 288607 + log 2?i - log +.. ■ • 

We only want the value of when is very small, and thus 
we have approximately 

{1 - i(4 - rf)®) { log - 4/ (n) 

^ . V2 


TT 


ic(i-n*)...( 26 ). 


By equation (22) 




If we substitute for 6. and tbeir values, as given above, we 
find that approximately 

g_ _ j) I _ 4/(«) } - (u» + f)] . . .(27). 

The integrals we have to evaluate are of the form 
1 cosnO.dd 

' ^ j 0 + + , 

which may be written 


1 rsi 

iRp)^j 0 


gir cosn^ . dd 
(q — cos dff ’ 


where 

therefore 

and 

Thus 


TT (ffiRp) 

jR® + p"+r. 

2l^ ’ 

[(B-pf+S- 

a; = 2-l= 2iJp ’ 

, fi?I.p)*+r 
2 + » = l + S- 2iip 

2 + f» __ (B + p)^ + r . 
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1 

and the integral we wish to find = value 


'{(E-pr+n 


he put for cg in equation (27), 
1 


2Ep 


Let us denote 
Then 


, c , when x has this 'value by S' 

(2Ep)t ” 


{E^+p'^ + r'- 2 Epcos(f-<i^))}^ 

= + 8'^ cos (f -(j))+.. .8',^ cosn (-f- cl))+.. 

Now in 8\^i p and ^ are functions of 

p = a + a„ cos n-yjr + /3^ sin n'^, 
and ^ ^ ~ ~ ~ (jn d- K sin n\lr) . 

Now let 8^ be the value of 8'^ when p = a and ^ ~ i)> 

By Taylor’s theorem, 

^n = 8„+ (a„ cos nf + 8n sin w-f ) - (y,^ cos n^jr + sin n'v|c) 


d^8^ 


+ J («„ cos nf + /3„ sin nf^ 




- cos n-v/r + sin nf) ( 7 ,, cos nf + a„ sin nf) ^ 

+ i ( 7 « cos + a„ sin nff ^ 

+ terms involving the cubes and higher powers of a^, &c. 


-8„ + l ^ - J (a„7„ + ^ 


dadz 






+ cos.t { « -™-7„gq.sin.t 
+ i cos 2«t ((.,>- _ 2 _ ^__sj ^ 

+ isi.2nt j.A§-(aA + A..)|§.+,A^} 

+ terms of higher orders. 
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Hence, comparing these equations with § 8 , we see that 

A, = A+ 1 K + ^ ^ ^ ^ ~d^ 
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B = 


da 


‘ 'Yh 


dz 


C - B ^ 




K' - / 3.‘) 2 (a„ 7 , - A«.) ^ + “d^' 


K=i VA ^ - (“A + At'..) da* <^2* 1 


( 2 S). 


8 13 . We can now go on to find the motion of a vortex ring 
distmbed slic^htly from its circular form. It will here he only 
“a?y to retZ the first power oj' the quantataes “ 

Tve shall neglect all terms containing the squares of those 
quantities. 

Flg.2. 


Let fig. 2 represent a section of the vortex ring hv the 
of the paper. Let 0 be the origin of coordinates, and let f? l^e 
the centre of the transrerse section of the vortex (»re , le , t 
ladUrO? of this section let OP make an angle x mth 06 

produced. 

Then the equations to the surface of the vortex ring are 

p = a + a„ cos n-f + Bn sin + e cos X h 

g = j +7„cos 71 -^+ 8 „sinn”i/r+esin% ..( 30 ). 

Nowif V z t )^0 he an equation to a 
it m^rs S ooiiets of the sam^ particles of the fluid, then we 

know that _ jw- 

s,-:. ;= 

(®j 2/5 

The surface of a vortex ring is evidently a surface ot this kind ; 
we may therefore apply this result to its equation. 

If we apply this theorem to equation ( 29 ), we find 

^.eosn.k+^sin 7 it-- 7 iC.„sin 7 iiJr-/ 3 „cosrit)>I^-esinx.X- 3 a= 0 , 

dt ^ dt 
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where ^ is the velocity of the fluid along 

nno-nkr velocity of the fluid round the normals to the voitox ii 
X the angular velocity round a tangent to the central line of the 

vortex core. 

Now if the vortex he truly circular, 
tains cr„ and /S„ to the first power ; and a, will be ^1 
order in a„, and may for our present purpose be neglected. JN e^^l .xt 
ing such terms, the equation becomes 

%cosnir+^-smnf- OEmx.^ = ^ (^O- 

dt ^ at 


But li cos ■>/^ + 'll sin 

Since B and ^ are now the coordinates of a point on the surface 
of the vortex ring, 

we have i? = a + a,, cos fi'yjr + /3,j sin n'v|^ + e cos 

cos sin -h <3 sin %, 

and writing instead of (f) in equations (11) and (14), we find, 
neglecting terms of the order a„“, 

M cos a/t + t; 'sin '\Jr = ^ma (%, cos n^jr + S„ sin n'^' + e sin %) A ^ 

+ im {(72, - 1) - (71 + 1) a%, cos 7it 

+ Im {(7^ - 1) - (71 + 1) aS,. sin nf 

= \meA^ sin % + -I ma {2Aj_ + (7^ — 1) /I 

- (71 + 1) ( 7 „ cos 71 a/^ + 8„sin nf). 

But ^ cos nyjr + sin 7 ia// — e sin % . X ; 

dt cLt 

therefore, equating coefficients of sin cos sin nyjr, we got 

X=->X, •...,(32), 

^ = imar/, [X, + i 1(» - 1) - (« + 1) ■ (83)- 

dR 

X = |,„aS,. l_A, + i {(« - 1) A,,, - (« + 1) .4.J]...(34). 


Now as we neglect the squares of a„..., we may put A„ = jS„ 

and ii^ = a + ecosx, ^=esinp^^; that is, oo=^ in the quantity 

Act 

denoted by 


MaMng these substitutions in equation (27) , we get 




1 W 

^TTCV^^ j_ e® 


64ih 


log— _4/(.n) -(7^® + f) 


.(35) 


% 
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SI 


tlius 

therefore 




27ra^ 1 6 


■4a" 






x=- 


m 




3m 


^(log 


64a" 




E , 

a > 


m = ojire , 


or, if w be the angular velocity of molecular rotation, so that 

o. 

x = -o)+-iV®^.(i“g^-s) 

.nd smce ^ is small. ^log^M will be smaU; thus *e have 
a a 0 

approximately ^ ^ 

wMcli ao-rees with the result given by Sir William 'Ibomson in a 
note to Professor Tait’s translation of Helmholtz’s paper, Phi Mag, 

1867. 

Substituting in equation (SB) the 
in tins case given m equation (35), we find 



■where we have neglected terms of the fom 4/ (n) - 1 - 0. where A 
Ind 0 are mmerfcal coefficients, since when n is smell /(n) is 

email compared with n'log and when ii is large it is small 

oompared with ’hfin). 

Now unless n be very large, log 5^ is very large compared 

with/ (n), and the equation becomes 

^=_i2%»nog^’ (381 

dt ^ -rra/ ^ e 


But if / (w) be so large that/ (n) is comparable with log 


64a" 


/,a > 


then, since approximately 
/(„)=-288607 + log2n-ilog« (Boole’s Knife p. 93) 

equation (37) becomes 


dt 
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I 


This formula must be used when n is so largo that 7ie is com- 
parable with a. 

We have exactly the same relation between d/SJdt and as 
between dajdt and 


If we make the second of the equations to the surface of tlui 
vortex ring satisfy the condition necessary for it to bo the equation 
to a surface which always consists of the same particles, we get, 
using the same notation as before, 


dt'^ dt 


C0S?lT|r4- 


dt 


sinn-v/r — n sin — 8 „ cos mjk) "'F -f e coa % . X 


. — w = 0 ; 

or, neglecting ( 7 ,^ sin n'\p' — 8,^ cos n^Jr) ''F as before 
we find 


d^ . d%,, , , , __ , 

di ~dr ~dt + e cos . X = ta (40). 


But we know by equations (16) and (.17) that 
w = Im - aRA^ 

+ Im WB ^- + B^^^ + ^ [{% ~ 1) (nq-1) R\ 

-h 2aA^c(J cos Ji'xfr 

+im[a^O„-iaR(G„,,^ 0,J {(n^l)A,^,~.(n + l)jUR/3„ 

■+• 2aA„^J sin n^Jr, 

where jR = a + «„ cos n'^ + /9„ sin n^lr 4 - g cos <&;c. 

Substituting this value for R and the values of X„, i?„, &c. 
given in equation (28), we find 

w = {2a^S^ — a^S^) — -^mae cos 

+ im a>^{S,.-J(S„. + -S'„)) 

d 1 

Where^in R after differentiation is put equal to a + e cos x> 


Equating in the two expressions for w, the term independent 
of ^ and the coefiicient of cos % and the coefficients of cos n^lr 
and sin n^jr, we get 


I 
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S3 


dt 


= Im (2a^SQ — 


X = — \'m ae 


dt 


Im aa„ 




+ i 1(« - 1) S.-. - (« + 1) S.«l + ^S,-8, 


with a similar equation between dhjdt and /3„. 
Bn before differentiation 


27r {Raf 


(«• - i) jiog le) - 4/(«)| - (»• + i) 


where 


2Ra 


When Bn has not to be differentiated, it equals 


27ra® 




{r^ 


i) log 


64a" 




The first equation gives the velocity of translation of the 
vortex ring, substituting the values for B^ and B^ we find 




.(41). 


In a note to Professor Tait’s translation of Helmholtz s paper 
on Vortex Motion, PhU. Mag., 1867, Sir William Thomson states 
that the velocity of translation of a circular vortex ring is 
m 


27ra 


, 8a , 

log--i 


This agrees very approximately with the result we just 
obtained, and Mr T. C. Lewis, in the Quarterly Journal of Mathe- 
matics, vol. XVI. obtains the same expression as we have for the 
velocity of translation. 

The second expre.ssion gives the same value for the angular 
velocity X as we had before. 

The third equation gives on substitution and differentiation 


djn 

dt 


ma„ 

47ra" 


(w"-l)]log^ 


.(42), 

3 
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neglecfeg a. before terms of tbe form n/{«) + 0, where 4 amd 0 
are numerical coefficients. a a 

We have a similar equation between ^Jdt and ft. 

Substituting these values for ^ and f in equation (40), we 
find that the velocitj of translation If at any point on the nng 
is given by 

w=l+ 


W - 1) {log ^ - 4/00 “ H («n COS nf+l3Mnf ) ; 
dC ^ e ) 


or, neglecting 4/ (n), 


W = ^ 
^ dt 


1 + 


n^-1 


(a„coswi|r + ^„sinwA|r)k 


If p be tbe radius of curvature at any point of tbe central line 
of vortex core, we can easily prove that 

1 = - + (a„ cos + /3„ sin 

pad 

so that tbe velocity of translation of any point of tbe vortex ring 

_di a 

~~dt p’ 

tbus those portions of tbe axis wbicb at any time have tbe greatest 
curvature wiU have tbe greatest velocity. 

Ketuming to the equation for ^ , we have as before 

^*=(a"-l)ra; (43), 

where 


m , 64a^ 

i = qlog 


nere ’ 

mept when n is so large that ne is at all comparable with a, then 

f?L[iog^^^-2'lo44V 
47ra^ V ^ J 


4}7ra \ n e 

pproximately ; tbe accurate value of L 


IS 






g. -4/(77)-!; 

bis is tbe same coefficient as we bad in tbe equation giving docjdt 
0 that our equations are 

d<^n 2T 
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Differentiating the first of these, and substituting for ^ from 
the second, we find 

the solution of which is 

a„ = A cos [L sj{n^ - 1) } i + ^] . 
and therefore 

7„ = A J(^) ™ V K («’ - 1)1 « + jS] 

where A and B are arbitrary constants. 

We can shew by work of an exactly similar kind, that 

/3„ = A' cos [L VK “ 1)1 i + ^'] 

A' ™ [£ V K K - 1)1 * + -S'] 

These equations shew that the circular vortex ring is stable for 
all small displacements of its central line of vortex core. Sir 
William Thomson has proved, that it is stable for all small alter- 
ations in the shape of its transverse section, hence we conclude that 
it is stable for all small displacements. The time of vibration 

Stt 

_ (46), 

-VKK-i)}-,„^iog“‘^-4/(.)-i) 

where / W = 1 + i f 

Thus, unless n be very large, the time of vibration 
27r 

° e 

or, if Fbe the velocity of translation of the vortex ring 

27r O' 

Thus for elliptic deformation the time of vibration is -289 times 
the time taken by the vortex ring to pass over a length equal to its 
circumference. 

3—2 
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When ne is at all comparable with a, the time of vibration is 
approximately 

27r . 

VK {n^ - 1)} ’ ^ _ 1 * 0772 ) ’ 

\ ° ne J 

or, since we may write, as n is large, instead ol n^ — 1, it o<pialM, 
if I be the wave length , 

27r 

^ (log 1-0772) ■ 

Now this case agrees infinitely nearly with the transverse vibra- 
tions of a straight columnar vortex which have been investigated 
by Sir William Thomson. 

In the sub-case in which IJe is large, he finds that the period 
of vibration 

27r 

{Phil. Mag., Sept. 1880, p. 167 eq. 61) j or, since log« 2 — *62314, 
this equals 

27r 

2(»7r*6® /, I 

and thus agrees very approximately with the value we have just 
found. 

Since the amplitudes of ot„ and when n is large are approxi- 
mately the same as those of 7 ^ and we can represent a displace- 
ment of this kind by conceiving the central line of the vortex 
core to be wound round an anchor ring of small transverse section, 
so as to make n turns round the central line of the vortex ring, and 

this form to travel along the anchor ring with velocity - , where t 

is the time of vibration just found and I the wave length. 
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PAKT II. 

To find the action of two vortices upon each other which move 
so as never to approach closer than a large multiple of the diameter 
of either. 

§ 14. The expressions for the velocity due to a circular vortex 
ring, which we investigated in the previous part, will enable 
us to solve this problem. If we call the two vortices AB and 
GJD, then in order to find the effect of the vortex AB on GD 
we must find the velocity at CD due to AB. Now, since 
the vortices never approach very closely to each other, they 
will not differ much from circles ; hence in finding the velocity 
due to one of them at a point remote from its core, say at the 
surface of the other, we may, without appreciable error, suppose 
the vortex ring to be circular. 

Let the shortest distance between the directions of motion 
of the vortices be perpendicular to the plane of the paper ; thus 
the plane of the paper will be parallel to the directions of motion of 
both vortices. 

Let the semi-polar equations to the central line of the vortex 
AB of strength m (fig. 3) be 



p = a + ^ («„ cos sin 

j,. ^ = ^ + ^ (7„cosw(j5> + 3,,sinw(^), 

wheih 0 is measured perpendicularly to the plane of the vortex AB 
and d> is measured from the intersection of the plane of the vortex 
AB with the plane of the paper ; nre all V’ery small 

compared with a. Let m be the strength of the vortex AB, 

Let the equations to the central line of the vortex GD of 
strength m' he 

p' = & + 2 (a'„ cos nx/r' + J3'„ sin nff 
s' = + t Wn cos n'^' -h sin n'xjr'), 
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■where z' is measured perpendicularly to the plane of the vortex 
QB, and from the intersection of the plane of this vortex 
with the plane of the paper; are all very small in 

comparison with h. 

We shall have to express a„, 7 ,,, a'„, /3'„, 7 '„, as 

functions of the time ; we shall 'then have found the action of the 
two vortices on each other. 

To find the action of AB on CD let us take as our axis of Z 
the perpendicular to the plane of the vortex through its centre, 
the plane of XZ parallel to the plane of the paper and the axis of 
Y drawn upwards from the plane of the paper. 

Let 6 be the angle between the direction of motion of the two 
vortices ; I, m, n the direction-cosines of a radius vector of the 
vortex CD drawn from the centre of that vortex. 

Let Z, X (fig. 4) be the points where the axes of Z and X cut 

z 



a sphere whose centre is at the origin of coordinates, K the point 
where a parallel to the direction of motion of the vortex GB cuts 
this sphere, and F the point where a parallel to the radius vector of 
the vortex GB cuts the sphere : KP will be a quadrant of a circle. 

Then we easily see, by Spherical Trigonometry, that 
I = cos e cos 
m — sin 
n— — sin e cos 

Now by equations (10, 13, 16) the velocities ii, v, w parallel to 
the axes of X, F, Z due -to the vortex AB supposed circular are 
given by the equations 
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where 

Since 


u = 2^ maZXA^, 

V = ^ maZYA,, 

ru] =: (2a^A^ — aRA^, 

R = JX^+Y\ 


(a^ + R^ + Z^-2aBcoBef {B^ + Z‘^f ^ {B^ + Z^f 

cos^e , 

+ 1A r+---> 

{B^ + Z^f 

where, since B^ + Z"^ is very great compared with a, the terms 
tliminish rapidly, 

J ^ 1 3 ^ -UtJl ^ ^ 


(a® ~ 2aB cos 0) 


. _ 3. 1 — ~ Hh« • • I 

rrye>\ ^ ^ - &. 3 ^ * 


and A, 


(B^ + Z^f (B^ + Zy 

SaB 

{B^ + Z-f' 


(R^ + ZJ 


Now if /, g, h be the coordinates of the centre of the vortex 
(W, and X, Y, Zihe coordinates of a point on the central line of 
that vortex, 

X-=f+hl =/+ & cos 6 COS'^lr, 

Y = g + 111% = g Ah sin-ylr, 

Z = h + bn = h — b sin e cos ^Ir 

therefore 

B^ + Z^ = X^+ Y^ + Z^ 

=y 2 fjji ^ 2,h (/cos 6 cos T|r + ^ sin 'v|/' - ^ sin e cos 3|r) + 6®. 

XZ 


§15. w = ^ waXZA, = f ma" 


{x^+ Y^+zy 

Substituting the values given above for X, Y, Z and writing cZ 
for P + g'^ + B + ¥ we find that approximately 


u = 


V-fh f . 5A//. 7 • s\bcos'\!r S/^^sin-v/r 

•^g + Ui cos e —/sin e — ^ (/ cos e — 7i sin e) j ^ 

K 

+ sin e cos e - {h cos e -/sin e) (/ cos e - ^ sin e) 


+ S/^ {(/cos 6 - h sin ef - /} ) ^ cos 2f 


2d 


*7 "N 5¥ 

+ ^/sin e — h cos e + if oos e — h sin e) j sin 4- (47). 
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When in these expressions we have a coc3fficient consisting of 
several terms of different orders of small ( [luintities we only retain 
the largest term. 


§10. 




Substituting as before we find 


V = f 
'gh 


(^g sin e + ^ (/cos e-h sin e)^ cos 'f- 


+ f ^cos ey (/sin e — h cos ®)+ {(/ cose—Asine/-/'’]^ co.s 2^ 

+ - 1^ sin e “ ^ (/cos e — 7i sin e) 

+ (/cos e - /i sin e)) ^ sin 2f 


§ 17. W' = •Im (2a’‘A^ — aI£A^) 

L 3aVa; + E-) I 

i(Z^ + + (X^ + F“ + (.r + F** + 

. ma- 
-2-^-rX 

^ ^ C/’* + /) + 3 ^2 (h sin e — jf cos e) 

+ ji ir + /) (/ cos e~h sin e)^ ^ cos + Zg (/® + / ~ W) sin 'i/r 
+ 1 ^sin® € + ^ {(/ cos e-li sin e) (3/ cos e — h sin e) — g"^} 


~ + P**) {( /cos € - h sin ef - 

+ 15 ^.3/ cos 6 — h sin e 

“ 2 ^(/^ + /) (/cos e-/t sin e)^ ^ sin 2T|r + (49), 
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§ 18. In using tliese expressions to find tlie effect of tlie vortex 
AB on CD, we have to find the velocity perpendicular to the 
plane of GD^ and along the radius vector. Then, as in the case of 

the single vortex, we have equations of the type = coefficient 

of cosn'^ in the expression for the velocity along the radius 
vector of CD. 


To solve these differential equations, we must have the 
quantities on the right-hand side expressed in terms of the time. 
Hence we must express the value for u, v, w which we have just 
obtained in terms of the time. 


§19. In the small terms which express the velocity at the 
vortex CD due to the vortex AB, we may, for a first approxi- 
mation, calculate the quantities on the supposition that the motion 
is undisturbed. 

Let us reckon the time from the instant when the centres of 
the vortices are nearest together. 

Let 'p and q be the velocities of the vortices AB and CD 
respectively ; Ic the relative velocity, viz. V f — 2pq cos e) ; 
c the shortest distance between their centres. ' " 


Then, since f, g, h are the coordinates of the centre of CD at 
the time t. 


f— qsine.t, 


/«'=]&+ (qcoBe—p) t, 

where f, g, f) are the values of /, g, ^ when i5=0; since the 
distance between the centres of the vortices, viz. is 

a minimum when ^ = 0, 


therefore 


iq sin e -i- {q cos e —p) = 0 ; 

-f S 

k 


qco&e — p .qsme 
therefore if 5 ke positive, we have 

^ sin 6 V (c® 


!) = 


9 ^) 


k 


.(50), 


and 


(g cos e —p) \f (c® — Oi^) 
k 

f-\-g^ + h^^G^ + kH\ 


( 51 ), 


§ 20. If we substitute for /, g, % in the expression for w their 
values in terms of the time, we find that as far as the term inde- 
pendent of goes. 
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si-'* 

Ic 




ma 




(c" + 7 cV)^L\ 

4- (gcose-ja)g'sme.H{2((?cose-p)^-g®sin^e|f ...(52). 

The coefficient of cos yjr 
= ii ona^ 


2 ^ {q (sin® e 4- 2 cos® e) — 2p cos e] 


sill e (q cos e 4 - p) 0 5 + (L + Mt + Hf + Pf) 7 I 

/ {o^ + JcHy^ \c^ + JcHy) 

(53), 

■vvlicre 


... Vc® — if f 
jj -= X — ^ ...- — ^ (j? cos 6 


M 


A® 
sin e 


■) 


{p — q cos e)® + g®^® sin® e 
^c® (p — q cos e) (p® +P 2 ' cos e — 2g®) 4 ^q {pq (3 4 cos® e) 

— 2 (p® 4 2®) cos e 


s- — S. sin® e . q {2p® - qp cos e ~ g®} 

lo 

P = sin” e (fp. 

The coefficient of sin -rfr 

^ I c® - 5 sin® . 


10N/c®-g® 


/c 


2 (c® 4 k'f) 

q sin 6 (p — g cos e) i 4 (Sg® sin® e — 4/c®)i5®} (54), 


§ wa®5 


The coefficient of cos maj he written 
sin® 6 




/c®— a® 

4 f — (p cos 6— g) (3 cos e{p—q cos e) —qs\T!i e) — g® 


4 


2 J <f g 


k 


sin e {2p (p^cos e — 2 ') 4 O' (p — g' cos e)] i 


4 sin 6 p {q sin 2 e 4 p sin e) f 


(c® 4 k^y 

SI {V + M't + we + p’e + «'«*) ( 55 ), 

(c A- k i/ 
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where 

L' = i {6^ {q COS e -p)® + sY iP ^ ■" 2')^ 

l\j 

— ^ [{P e — qY-\- Ic^]), 

M' = sin e [o'* {f - (f) {p cos e-q){p~q cos e) 

Ic 

+ 9^2 ((i^ cos 6 - q) {2pq - cos e (/ + <t)) 

+ {q cos e - p) [p^ + 2 - ^P9. cos e))}, 

if = ® [cy (i cos e-pf- gY Y cos e - qY 

Ic 

-4>pq Y - s') (P " 2 cos e) (p cos e - q)}, 
jy = ip" - <tl 

l\j 

Q' — sill’' 6 2f(f‘ 

The coefficient of sin 2^lr may he written 

-Y I cos 6 - 2 (3 cos'' € + sin" e) } 


+ (2sm26+iisme)ij^-^-j;^ 

-^(L + Mt + Nf + Pf) I ' • • (S^)» 

where L, M, JV, P have, the same values as in equation (53). 

§21. The velocity parallel to the axis of y. 

The term independent o f 

„ a e + (q cos e— ^ i|. . . .(57). 


The coefficient of cos 'f 




y., ~ sin e.q{p cos e — q) 


+^l^^[2pq--coBe(p^+Y)]Mme.p{qcoBe-p)t^^ 

The coefficient of sin ^[r 
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The coefficient of cos 2^|r 
= f maVO, Icos e ^ (p sin e - j sin 2c) — ^ 


' + 1 (X" + M"t + N"f + PY) . .(60) 


j.., ^ _ g-) (j, siQ , _ 2)« _ gf k’], 

M" = ^ {(c^ — g®) {p cos e — q) [(2 + sin® e) pq — cos e (p® + O'®)] 


■Q®/c®(g'COse-p)}, 




JSf" = sin e [pq (3 + cos® e) - 2 (p® + cos e}, 

P" = sin® 6 .p® (g cos e — p). 

The coefficient of sin 2^1^ 

— — {sine rTT^viKl 1 




+ 5 (l - f-i.®- sin C . 2 G? cos c - q) 

{%- cos e (p’ + 2’)1 < + sin e .p (geos e -p) f) , 

( 61 ). 


§ 22. The velocity parallel to the axis of x. 
The term independent of ^Jr 
= fma®j — sin e . g (p - 2 ' cos e) 

JqZ _ (j 2 

F~^ 2e— 2pg cos e +p®} t +sin e.q{q cose- 


.. (62). 


The coefficient of cos 


~^mah ( 2 sin2e — p sine) -1- (^cos 2e — p cos e) ^ 


5 {L"' + M'"t-\-W"e -f P'Y) — -1.(63), 

(c® + F^®)^i 
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wlioro 

jj" „ w 9L Quxe.q {q cos e—p){q —p cos e), 

M'" = - , - (f/cos2e— pQ'^cos 6(cos“ e + 2) +p^q (2 + cos^e) — p” cos e), 

iC 

I 2 y 

N'" = sin e . (- q^ cos e + q'p (1 + sin' e) + cos e-p”), 

10 

V" = sin'* e.pqiq cos e — p). 

The coefficient of sin 'yjr 
= - sin e . O' -g cose) - — 

^ 11 
- 22 )ri cos 6+/) t + sin e.q {q cos e -p) .. .(64). 


The coefficient of cos 2T|r 

, C— sinecose 
i ma/b 


V + /cV)^ 

„ iLZ.il sin e (2^® cos e-pq{i + '^ cos® e) cos e} 
cos 26 - %pq cos e +p®)i + sin e .jp (s' cos 2e -jp cos e)f^ 
+!¥(£.+ M,t+N,e + p/ + e/) 


j¥-i 


where 

jr ^ _ (£l^ sin e . (Z (g cos e - p) K (i? cos e - g)® 

*“ jf [(i^ ® — 2)^ ■*' 

((c® - g®) (^ cos e - q) {(f cos 26 cos e (cos 26 + cos® e) 

+/g (1 + 2 cos 26) -p^ cos e) + g®/c^ ( 2 ' cos 26 - 2^ cos e + p®)}, 
sin 6 [q {q cos e - p) (p“ cos 2e - 2pq cos e + ^®) 

^ + 2 p(pcose-^) (2*cos2e~2pg'COse+p®)}, 

p sin®6.p(3pg®-p®-2g®cose), 

^ k 

= sin® 6 , p®3' (? cos 6 — p). 
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TKe coefficient of sin 2 




+ (g cos 2e - p cos e ) i 


/ 2 (vS 

{q sin 2e -p sin e) 

+ 7 {pGOse-q){p-q cos e) 




+ - 


Ic 


sin 6 {p^ - g®) t +pq sin'* e t‘ 


(o'* + 


.( 66 ). 


§ 23. To find the effect of the vortex AB on GD we require 
the expressions for the velocity perpendicular to the plane of the 
vortex ring GB and along its radius vector. 

The velocity perpendicular to the plane of GD 
= w cos e + w sin e. 

Now in this expression, the most important terms are the coefii-’ 
cients of cos and sin because these terms, as we shall see, 
determine the deflection of the vortex. W e shall therefore pro- 
ceed to find these terms first. 


The coefficient of cos in the expression for the velocity per- 
pendicular to the plane of GD may be written as 


where 


ma^h 


(A-{-Bti-Gf + Df), 


^ ^1 ^£.2 2e- geos e) — 6 sin® e pq (p cos e — g)}, 

B = c® {p sin 2e — g sin e) 

+ ^ {g® - g®p cos e — gp® (1 +sin® e) +p® cos e}. 


G = ^ {4:¥ (g cos e -p) + sin® e ,p (8p® — 7g® — pq cos e)}, 

D = sin 6 {5p®g sin® e — /c® (g + 3p cos e)}. 


The coefficient of sin yjr 

ma®&g 


— 


(¥ + kY)i 


(A' + B't+G'f) (67), 


-4' = c® cos e — - — pq sin® e, 

T,/ oV (c®— Q®) . 

6 cos 6 - 2g® sin e + /c®}, 
G = ¥ cos 6 — 5 (q cos ^—p')[q —p cos e). 


where 
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Now, since the equation to the vortex CD is 
^ (7'^ cos Tl'xfr + sin 

The velocity perpendicular to the plane of the vortex 
since as and T" are all small quantities we may neglect 

cos — 7 „ sin w-vlr) 'T'. 

^ = coefficient of cos in the expression for the velo- 

dt 

city perpendicular to the plane of the vortex CD. 

A reference to equation (43) will shew that the vortex CD con- 
tributes nothing to this term, so that 
d<y\ _ 3 ma^h 

(c^ + kY)^ 


■{A + Bt+Cf + De). 


Integrating we find 


•Vi 


t ma^h -1 4 




D/k* , ,A-Cdlk^ t 

"T R 


(o^+kHy {o^+¥ff 
\4iAlc^ + Olcn^]t , (^A , 2a^ 


{6^+kHy 

‘ ri+-DI- 


c" 'cV^V + 

where the arbitrary constant arising from the integration has been 
determined so as to make 7'j^ = 0 when t = — 00 . 

If we substitute for A, B, C, D the values given above, we shall 
get the value for at each instant of the collision ; but at present 
we shall only consider the change in 7'^ when it has got so far away 
from the vortex AB that its motion is again undisturbed. We can 
find this change in 7'^ by putting if = 00 in the above formula, on 
doing this we find 

or substituting for A and C their values, 

y = -p cos c) (1 - f ) V(o” - 5f) c.. . .(69). 

§ 24. We have similarly 

= coefficient of sin in the expression for the velocity perpen- 
dicular to the plane of the vortex 




{c^ + kny 


+ + O' f). 
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Integrating we find 


= I ma%^ 


, {A' - a cy¥) t 


+ ■ 


(c> + W)» +*U" + 

where the arbitrary constant arising from the integration has been 
determined so as to make 8^j = 0wheni = — oo . ihe change in 
h\ when the vortex CD is so far away from AB that its motion is 
undisturbed is given by 

cv/ o B7 •. , 2(7'^ 2 


+ 


c^kV 


.( 70 ), 


Substituting we find 

2ma^Z>Q 
c 




^sin“e.j9^ (l-gl) 0 '^)- 


§ 25. We have in paragraph (6) investigated the changes in 
the direction cosines of the direction of motion of the vortex ring 
due to changes in the coefficients and S\. From that investi- 
gation we find that the direction cosines of the direction of motion 
of the vortex OB after the impact are 

V 

sm e ~ cos e, 


h ’ 

t 

ry 

cos 6 -1- Sin 6, 


or substituting for ry\ and B\ the values just found, the direction 
cosines become 


sin e - ^ V (c® - g') ^1 - sin=^e cos e.pq {q-p cos e), 
2ma®g . \ ( 4g®\ 


COS e 


+ ^ V (o' - 9') - ^) sin^e. pq{q~p cos e) . 


Thus if A, B, 0 (fig. 5) be the points where the axes of cc, y, 2 
cut a sphere with the origin for centre and P the point where 
a parallel through this centre to the direction of motion of the 
vortex CD before the collision cuts the sphere. 


Then if the vortex GB be the first to intersect the shortest 
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distance between the directions of motion of the vortices, P' will he 
the point where a parallel to the direction of motion after impact 



cuts the sphere, supposing g to be positive and < ^jc and the 
velocity of OD greater than the velocity of AB resolved along the 
direction of motion of GD, i.e. if q -p cos e be positive. We may 
describe this by saying that the direction of motion of the vortex 
ring is altered in the same way as it would be if the vortex ring 
received an impulse parallel to the shortest distance between the 
directions of motion of the vortices and another impulse perpen- 
dicular both to its own direction of motion and the shortest 
distance ; the first impulse being from and the second towards the 
vortex AB. In this case the angle between the direction of motion 
of GD and the original direction of motion of AB is diminished by 
the impact. 

If the vortex AB be the first to intersect the shortest distance 
then we must change the sign of V (o' - g') in the expressions 
for f and 5 ; this will change the sign of 7 ^ but will leave S', 
unaltered, and consequently F" the point where the direction of 
motion of OD after the impact intersects the sphere of reference 
will be situated as in the figure ; in this case the angle between 
the direction of motion of GD and the original direction of 
motion of AB is increased by the impact. The- angle through 
which the direction of motion of OD is deflected 


4.^ 


» - sf) + s- (1 - 




ScV 
.(72). 

If the paths of the vortices intersect so that 0 = 0, this 
becomes 

2ma^sm^e , \ / i 7 q \ 

— — M {q-pcosi) (73), 
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or the deSeotion ie omtmis farihus mversely proportional to the 
cube of the shortest distance between the vortices. 

If the paths of the vortices do not intersect, but the vortuxis 
move so as to come as close together as possible, then c-% 

and the deflection . 

2ma"sme.pq^ ^*74', 

3c7c^ 

This is again inversely proportional to the cube of the distance. 

If in the two cases above, c be the same, then the deflection 
when the paths of the vortices intersect will be greater, eipiai 
to or less than when they do not, according as S {q—p cose) is 
greater, equal to, or less than sin"* e ; thus_, unless the relative 
velocity of the vortices perpendicular to the direction oi^ motion ot 
GD is great compared with that along GD, the deflection 'will be 
greater when the directions of motion of the vortices intersect than 
when they do not. 

The expression for the deflection simplifies when the line 
ioining the vortices at the instant when they are nearest 
together is inclined at an angle of 30'* to the shortest^ distance 
between their directions of motion, in this case g = c cos 30 = c 'JVdj 

thus 8'^ = 0 as 1 - ”2 vanishes, and the deflection 
oC 

2mai‘ sin^e. pq {q—p cos e) 
cVc'‘ 

which, if c be the same, is the same as when the vortices intersect. 

§ 26. We have next to consider how the vortex CD is 
altered in size by the collision. 

We know that if a\ be the alteration in the radius of the 
vortex GD that 

= coefficient of the term independent of iia the expression 

for the velocity along the radius vector of GD. 

Now a reference to equation (38) will shew that the vortex CD 
contributes nothing to this term itself, so that 
dot! " 

= coejBficient of the term independent of in the expression 

for the velocity along the radius vector of GD due to the vortex 
AB. 

Since /a, v, the direction-cosines of a radius vector, are 
by § 6 given by the equations 
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X= cos 6 Cos 
jx— sin yp', 

V = — sin e cos 'x//', 

^9 = coefficient of tlie term independent of t/t in 

Out 

u cos 6 cos yjr+v sin yp' — w sin e cos 'yp. 
Hence by equations (53), (59), (63), 

^ = at + Bf + Kf), 

where 


J7’= sin e [o^ (4 — cos^e) — 2p^cos e — (f] — 6cf sin®e .p®2'], 


(t= 0^1(2' cose— y?) ^2 


6(2-23 cose)' 


+ sin® e .p (\ 




pj — y" i i. si]i 6 (Sy)® cos e — ® 

iC 

K — 7c® {2 (2 cos e -p) + Sjp sin® e} - &pq sin®e {q-p cos e). 
Integrating, we find 

. . .. {. K&lh^-Q-lh^ . m ,, F-Ec^lk^ 

a,-^mah^^ (o2 + /c®j®)t ^ (c® + F^®)^ c® 


V (o® + /c®i®)^ ^(c® + F^®)^ ^ c {c^ + IcY)i 

(«y±S^*+x/?i:+MV— A_^+bl. 

■’"W (e^ + Zt’O^ ^c‘iVV(o*+W)* 

where the arbitrary constant arising from the integration has 
been determined so as to make a'o = 0 when i = -oo. If we 
substitute for F, G, E, K the values just written we shall get 
the change in the radius at any instant, but at present we shall 
only consider the change in the radius of CD when it has got 
so ' far away from the vortex AB that its motion is again 
undisturbed. We can find this change in the radius by putting 
t-<x> in the above formula; doing this we find 

, _ma^b AF H\ 

® ” bh V c® cVc®/ ' 

Substituting for and H their values, we find 

^ moWeys ('i _ ^ V ( 0 " - S’) (74*). 

Thus we see that the radius of the vortex which first passes 
through the shortest distance between their directions of motion is 
increased, provided c > 2g. If AB had first intersected the shortest 

4—2 
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, 1 1 -had to change the sign of ^/(o®~Q*), tlien 

distance we should nave -v-adius of GD would be diminished. 

rr’ would be negative, ana tne 

a^wouia s ^^ntion of tlio vortices mtersoct, so that 

If the directions oi 

g =, 0, then 

■ ...rlins is mteris mhus inversely proportional 
:: t oX^tCrortSt distance Ltweon the vortioe. 

If the directions of together as possible, then 

the tlie radius of the vortex in this case is not 

(j = Oj BjIICI OC ’n- • 

flltjGrod. by tiliB collision* ^ 

Y. if the line loining the vortices when they are 

r lipr be inclined at an angle of 60® to the shortest 
nearest together bo ,* motion of the vortices, then 

distance between the 

= 0 , or m.tto case again for our present purpose wo, may 

by the collision.^ + classes. In the first class the line joining 
divide ““’■'““fX^TOrtioes when they are nearest togctlicr is in- 
the centres ot , xT^an 60”to the shortest distance between 

elined vor&es. In this case the vortex 

the ^ through the shortest distance increases in radius, 

which first in velocity and increases m energy, 

whfle'SXr TOrtlx decreases in radius and energy and moroases 

m collisions the line joining the centres of 

In the secon - nearest together is inclined at an angle 

the Shortest distance between the directions of 

less than 60 fi 10^^ first passes 

inotion distance decreases in radius, and consequently 

through ® ^ decreases in energy, while the other vortex 

““s In Synergy and decreases in velocity. 

in the momentum of the vortex referred to any 

'^^'^Tot 5' ho the momentum of the vortex CD; * fT' 

Lets the mom ^ respectively, f. m , » the 

ShSiiteoshms of the normal to the plane of the vortex, 
rpn 5' = = m'lrhH', 

g^P' = hhhl' + m'lrVBl' 


so 
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similarly, 3^' “ ^ 

Sm' = 2^m'-l-31'S7z', 

0 

It remains to jfind hi', Sm', Bn' in terms of 7^0 and B '^. ' Now if 
5, ©•, 3Sk denote the same quantities for the vortex AB as the 

same letters accented do for the vortex OD, then it is easy to 
prove that the direction-cosines of the old axes referred to the new 
are as follows. 

The direction-cosines of the old axis of so are 

^P's-f$'cos 6 aa's-M'cose m'n- mFcose 
H.l'sine ’ E. I' sine ’ E.E'sine 
The direction-cosines of the old axis of y are 

E , E' sin e ’ E . E' sin e ’ E . E' sin e 

The direction-cosines of the old axis of z are 

^ ® ^ 

1 » ¥ ’ 1 ’ 

Thus if \ fjs, V he the direction-cosines of the normal to the 
plane of the vortex OD referred to the old axes, then 

(^'E cose) Bf, , Bv,^ 

E . I' sin 6 E . E' sin e E ’ 

with symmetrical expressions for Bm and Bn. 

Now hy § 6 

! 

gX = — ¥icos e, 

0 



Bv— "^sine. 

0 

Substituting for 7 '^ and S', their values, we find ■ 

W = V (o’ - S’) (i - f ) iW - W ') 

+ 6(i-||)(®JR-aa®')} 

with symmetrical expressions for Bm' and Bn. 
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Thus 

„ -rt/ ^ma^pq sin e f V(c^ - S'*) 

= 'Vra .1' ^ X~~r~ - vj 

X J'{f 3 £'(?-j)<!os £) -^'S (q cos 6-p)) +8^1 - ||)5’(®3a'-ajl®')| 

_jp^sm 6 fV(c"-g“) Y. 

'TTC'Vc'' I k V cV 

X {f r (2-y cose) -l'3f (2 cos e -p)} +8 (l - ||) (®a£l' - M®')! 

(75), 

with symmetrical expressions for 5®' and 83ll'. 

If ^ he the angle which the line joining the centres of the 
vortices when they are nearest together makes with the shortest 
distance between the paths of the centres of the vortex rings, 
then 


g = c cos 

1 — 4 Jc^ = 0 sin ^ (4 sin^ (^ — 3) = — c sin 30, 
and g 1^1 - =ocos 0 — ^-~-^^ = --|cos 30. 


Thus 

. 4ng' sin e 

WF- 


smS0{^31' (g-pcose) — (qcose—p)} 


-*--^cos30m((®3a'-maBt') 

with symmetrical expressions for 8(!^' and 83S.’. 

Since ^+W is constant throughout the motion 

similarly 3^ = — 

8m=-8aa'. 


§ 28. We can now sum up the effects of the collision upon the 
vortex rings AB and GJD. We shall find it convenient to express 
them in terms of the angle 0 used in the last paragraph : 0 is the 
angle which the line joining the centres of the vortex rings when 
they are nearest together makes with the shortest distance between 
the paths of the centres of the vortex rings, 0 is positive for the 
vortex ring which first intersects the shortest distance between the 
paths, negative for the other ring, so that with a given g, 0 may 
be regarded as giving the delay of one vortex behind the other. 


_§ 29. Let us first consider the effect of the collision on the 
radii of the vortex rings. 
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The radius of the vortex ring GD is diminished by 

onOi h ^ -3 • n JL 

Thus the radius of the ring is diminished or increased accord- 
ino- as sin 3d> is positive or negative. Now is positive foi one 
vortex ring negative for the other, thus sm3^ is positwe for one 
TrS rinf negative for the other, so that if the radius of one 
vortex rini is increased by the collision the radius of the other 
be dimiBished. WheB ^ is less than 60" the 
■first nasses through the shortest distance between the paths of the 

When 6 is greater than 60® the vortex ring which hist passes 
through the shortest distance between the paths ^creases in radius 
tSe Xr one diminishes. When the paths of the centres of 
the TOTtex rine-s intersect is 90”. so that the vortex nng which 
tot nasses thrSugh the shortest dktance, which in to case is the 
noih’^^ of IheSion of the paths, is the one which increases in 
riSdius * When A is zero or to vortex rings intersect the shortest 
distance simultaneously there is no change in to radius of 
vortex ring, and this is also the case when .J) is 60 . 

S 30 Let us now consider the bending of the path 

cenie of oL of the vortex rings f oSpK 

the centre of the other ring and parallel to the original paths 

both tbe vortex rings. ^ ^.Ur. 

We see by equation (71) that to path of to. centre of to 
vortex ring CfD is bent towards this plane through an ang e 

to does not change sign with .f., and whichever vortex first passes 

direotiora of the vortex is bent towards, 

so that if IS less than 3® I®,; It follows from to 

and if ^ be greater than 30 torn ^ ^ 

:rrtogSr“riW toy wm on to whom repel a 

vortex ring passing by them. 

§31., Let us tie origmSpIto^^^ 

tot the pail of to vortex ring OJ) is 

bent in this plane through an ang e 

_ sin*^ 6 sin ScPpq (q-p cos e) 
c/c 
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towards the direction of motion of the other vortex. Thus tlic 
direction of motion of one vortex is bent from or towards the 
direction of motion of the other according as sin 30 {((—p cos e) is 
positive or negative. Comparing this result with the result for 
the change in the radius, we see that if the velocity of a vortex 
ring CD he greater than the velocity of the other vortex A B 
resolved along the direction of motion of Ci), then the patli of 
each vortex will be bent towards the direction of motion of the 
other when its radius is increased and away from the direction of 
motion of the other when its radius is diminished, while if tlio 
velocity of the vortex he less than the velocity of the otlier resol vcmI 
along its direction of motion, the direction of motion will bo bunt 
from the direction of the other when its radius is increased, and 
vice versd. The rules for finding the alteration in the radius were 
given before. 


§32. Equation (75) shews that the effect of the collision is 
the same as if an impulse 

pq^-^' - 2 . 0 ^ 
sin'^esmS^, 

parallel to the resultant of velocities p — cos e and g — p ct!>s e 
along the paths of vortices (.CD) and (AB) respectively, and an 

idjQpu.iS0 

paiyel to the shortest distance between the original paths of the 
vor ex rings, were given to one of the vortices and equal and 

pposi e impulses to the other ; here 1 and E' are the momenta of 
the vortices. 


engaged with the changes in tb( 
and have no- 
th? shape which the vortex ring suffers fron 

~ o p These changes will be expressed by the quantitiei 
qualities investigate the values of thes< 

Now we know 

coefficient of cos 2-0 in the expression for the velocity alon| 
the radius vector. 

itsdf?n^+rt'K^+ ■^ili shew that the vortex rins 

itselt contributes to this coefficient the term ' 

2m' 86 , 
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The vortex ring A.JB contributes, as we see from equations (53), 
(59), and (63), a term 

„ ma^h 


(c^ + 


where 


F = p sin e [p\ (2 - cos^e) + ^p(i cos e-B(f- 2/ cos e ] , 

G- = 1» {p .(3-5 - 5 (2 oose -p) <1^^} . 

E' = {8/ cos 6 -p'q (2 + cos' e)+pq' (4j cos e - 11) + 2g'}, 

K' = sin'e — bp q sin'e {q-p cos e), 

where, in order to make the work as simple as possible, we 
have put g = 0 ; so that the undisturbed paths of the vortices 
intersect. 


Thus 


(K^_Wio 85 , 
dt 'rrl)^ ® e (c' + /cY)^ 


3 {F' + O't + E'f + K't), 


say 


I^ow^' = the coefficient of cos 2f in the expression for the 

Ujf 

velocity perpendicular to the plane of the vortex CD. 

The vortex CD itself contributes to this coefficient the term 


m T 8& / 

.a,. 


The vortex AB contributes, as we see from equations (55) 
and (65), the term 

3 (F" + C’t + E'f + K"f + Ef). 

^(c' + /cV)^ 

Say for brevity F (t), where if, as before, we put Q — 0, 

F" = ~4 {p cos e-q)[^ (i? cos e - q) (Spq sin' e - F cos e) 

— 57/ {^p sin' 6 + jO ~ q cos e)], 

rf + W) 

+ {pcos e-q) p (V ^ 


Q" = _ y.) (p COS €-C[f + W] 
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..2 


jl" sin® € + 2 cos 6 - 2 ) (p" - 2 ') 

— (jp cos 6 — 2)'’} (i2 cos e — jf?) 
— I- hl(? {I cos e . /c® + (p® + (f) cos e — 

Jl" = j— 5 |21j5 sin® e (2'^ -p®) - F (5p cos e + O2)}, 

L" =^p sin® 6 {21|) (2-15 cos e) (2 cos e-p)— (5j) cos e + C2)}. 

Thus 

da 

differentiating this equation, and substituting for -^® from tlie 
other equation, we find 

+ 3 log ^ j y. = (0 + 1 -p log / (^) 

= %(^)say; 


or writing n® for 3 ( log ^ , 


^ + n\\=^ {t). 


df 

The solution of this differential equation is 
72 = A cos nt + B sin nt 
cos %t 


+ 


X (}') sin nt' dt' ~ ^ 


X (0 cos nt' dt', 


or choosing the arbitary constants so that 7'^ and botli 
vanish when t = ~<xi-, we find 

7 2 xiO^i^nt dt 

■ J -(a n 

The integral 

f % (^0 cos nt' dt' 

J —00 

involves integrals of the form 


X {t') cos nt' dt' 


cos nt' dt' 

(7+S®)^ 


and 


f 

J —00 


t' cos nt' dt' 


when i— ^ evaluate these integrals except 


MOTION OF TWO TORTEX RINGS. 


69 


In tlie expression for 7 , the terms under the integral express 
the effect of the vortex AB on CD. Now the vortex AB will 
only exert an appreciable effect on GD during the time the 
vortices are in the neighbourhood of the place where they are 
nearest together ; and thus, after the collision, we may, without 
appreciable error, write the equation for 72 ^® 

, P cos nt Q sin nt 
"V 2 “ ^ n ’ 


■where 


P 
Q = 


—00 


sin nt . X {i) dt, 
cos nt . X {i) dt 


Thus the vortex rings are thrown by the collision into vibra- 
tion, and after the collision is over the period of the vibration is 

the same as the period of the corresponding free vibration of 
n ’ 

the vortex GD, 

To find P and Q we have to find 

cos nt . dt 


+CO 




or if we write q for | ; 


/: 


cos nt . dt 


(^2 ■ 

How q is the time taken by the vortices to separate by a 

distance c, -whUe ^ is (§ 18) of the same order as the time taken 

bv the vortex GD to pass over a length equal to its diameter ; 
but, since c is large compared with the diameter of the vortex, 

or nq is large. 

STT 


n 


Let 


cos 7lt . dt 


0 {q^ -P f) 
By differentiation we find 

'^p+i ~~~ 






Hence we find 

(_ 1)11 




/ d 

1.3.6... (2p- 1) W 


- = n\. 

/dVp 


j[dn 

n 

PZll) 

( d 

n J 

1 

14 




2h ^ 

dn 


CO 
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This may be written 

“ 1 . 3 . 5. . .(2p - 1) U {ny 

We can easily verify that v^, satisfies the differential equation 
d\„ . 1 dv„ 


dn^ n dn 


2 + fZJ^= 0* 


Let ns assume 


= 


1 A.: . 

n n 


If_ we substitute this expression for v^, in the differential 
equation, and equate to zero the various powers of n, wo get tliG 
equations 

A -q) = 0, 

‘^q{x + l)Ay x(x + l)A^ —qA^— xA^ ~P^A =0, 
2q{x + '2) A^ + {x-\-1){og + 2) A^ ~qA^— (x-hl)A^ =0, 

these give 

2qA, + ■(i-p‘)A, =0, 

= 0 , 


therefore 




2mf^~ + [i (2m - 1)’ -p*] = 0 ; 

LtS+fc|)H5 

’( 2722' (IrogfTl 

(/-g)(/-g) (F-l-:) 

(2?^g)® . 3 ! 


+ 




Sv to J5e determined; if w can determine A, for 

(76). Now whenV=0^^^ equation. 


-I 


' cos nt . dt 


" (/+(>)= 


” cos nt . dt 


° {qyty 


j = K{%.nq) 


and 
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(HeinCj Kugelfunctionen, vol. ii. § 50), where K is the second kind 
of Bessel’s function of zero order and ^ ^ — 1. 

When nq is large, 


“ng 


K (i . = V :i 

{nqy 


(Heine, vol. i. § 61); hence 


1 13® 

^0 = V (^tt) (I - g., _ g-- + 26 _ 

and, hy equation (76), we find on comparing the coefficient of 
e' 


n-na 


{nqY 


that 


^o-V (i’r) i.3.5.!.(2n- 


therefore 


{2p — 1) (nq)'-^ 


(iw) yT^I. (2p - 1) 


{nqy 


X 11 + 


p -l 


2‘- 


%iq 


+ 


F-22) [P " 


r+“ COB nt.dt _ 1 

/1.3.5...(2p-l) 

2®/ 


X 11 + 


2 ' 


P 


p-j.) 


(2ng)® . 2 

± 1 . 

in)^ 

3®\ 1 


• 1 j 


2ny {2nq)\2 

and this series converges rapidly when nq is large. 

The other integrals in Q are of the form 
J” t cos nt.dt 


+ ... (71), 


,2 , /2vR‘'‘2'+1) ’ 


“ (.2^ d" i^) 

and these evidently vanish. 

The integrals in P are of the forms 


sin nt . dt 


and 


f 


t sin nt . dt 


The first of these evidently vanishes, and the second 
d cos nt . dt 


dnj 

and we have just found the value of the integral. 
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§34. 

We can now find the values of and 

By§ 

28, 

, P cos nt Q sin nt 

7 2- 

n n ’ 

where 


^=J 

q +00 

sin nt . {t) dt, 

— CO 



Q = 

j 

r +C 0 

cos nt . ^ {t) dt. 

' — .00 


If we substitute for % {t) its value, and evaluate tlie integrals 
by means of formula (77), and retain only the largest terms, we 
shall find 




— 4y) (q^ - y) ■) (y -p cos e) + cos e {(f —p ^] . li 


e 


-nofTc 


Q - — - ^ ^ - sin 6 {4y)® (p cos € — qY ~ (q^ — p^] . 9^''’ 


(ncj/c) 

Q ~ nolle 


Q/^5 ^ U. J./ \J. J. /J / jT\it 

(nc/ky 

If the vortices move with equal velocities these expressions 

.TP ITT 


simplify very much and become 


-iiolk 


SO that 


^ mV (27r) a'^6V 
r= cos e r, 

{ncjkf 

p. mV (Stt) a®p?l® . Q-ncHe 

— * • Q f ^ ’ sin 6 “ — I 

{ncjiy 

— e-wc/zc 


8/c® 


{ncjIcY 


cos (wi+ e) (78) ; 


tierefore ttW 

V3.«‘ + 

n . , equations represent twisted ellipses whose nreatest 

ehipticity IS j. o 

m V (Stt) a^hn^ 

VOF 

The time of vibration is the corresponding free period. 

vortices'.d.P^anT^P*^'^ '^P effects of the collision of two 

divided into two classes, (1) those in 
+■«•• +1 ^ distance between the vortices is greater tlian 

tbp^vnrr^ between the directions of motion of 

the vortices ; (2) those in which it is less. 
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Glass I. 

If tlie vortex GJD be the first to intersect tbe shortest distance 
between the directions of motion of the vortices its_ radius is 
increased, and if its velocity is greater than the velocity of AB, 
resolved along the direction of motion of CD, it is bent towards the 
direction of motion of AB, and away from the plane containing 
the path of AB, and a parallel to that of GD. If its velocity is 
less than the value stated above it is bent froin the direction ot 
motion of A.3 niid EtWciy froni tlic plo;iiG contcijiiiiDg the path of 
the centre ofAB and a parallel to that of GD. This is the direction 
in which the path of GD is deflected if AB first intersects the 
shortest distance between the directions of motion of the vortices, 
but in this case the radius of GD is diminished. 


Class II. 

If the vortex G D be the first to intersect the shortest 
distance between the directions of motion of the vortices its 
radius is diminished by the collision. It is bent from or towards 
the direction of motion of AB according as its velocity _ is 
o-reater or less than the velocity of AB resolved along the direction 
nf motion of GD, and away from or towards the plane containing 
the path of AB and a parallel to that of GD, according as the 
shortest distance between the vortices is greater or less than 

-E- times the shortest distance between their directions of motion. 

tL deflection of AB with reference to this plane is the same 
whether AB or GD first intersect the shortest distance. If ABhe 
the first to intersect the shortest distance, the radius_ ot GL' is 
increased, and the deflection of the path of CD relative to the 
direction of motion of AB is the opposite of that when GD was the 

first to intersect the shortest distance. . . 

When the directions of motion of the vortices intersect these 
results admit of much simpler statement, and, though included 
in Class I., it may be worth while to restate them. In this 
case the result is that the vortex which first passes through the 
point of intersection of the directions of motion of the vortices 
is deflected towards the direction of motion of the other , it 
increases in radius and energy, and its velocity is _ deceased; the 
other vortex is deflected in the same direction, it decreases in 
radius and energy, and its velocity is increased. 

S 36. Very closely allied to the problem of finding the action 
of two vortices on each other is the problem of finding the motion 
of one vortex when placed in a mass of fluid throughout which 
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the distribution of velocity is known. We proceed to consicler 
this problem, using the notation of § 14. Let Lt be the velocity 
potential of that part of the motion which is not due to the vortox 
ring itself. Let the equations to the central line of the vorte^c 
core be 

p = a + 'Z{a,^coBn^jr + /3„smn^|/), 
z = cos nf + sin 

Let TTcoe^ be the strength of the vortex; let I, m, n be Llici 
direction-cosines of the normal to its plane, X, jx, v the direction- 
cosines of a radius vector of the vortex ; then (§ G) 

sin 9 cos 6, 
sin 9 sin e, 
cos 9, 

cos 6 cos 9 cos — sin e sin ■x/r, 
sin 6 cos 9 cos -1- cos e sin 
= — sin ^ cos Tjlr. 

Let y, z be the_ coordinates of the centre of the vorte^c ; 
if u, V, w be the velocities parallel to the axes of x, y, z at a point, 
on the vortex ring, then, by Taylor’s theorem, 

dn r d d d\ da 


1 = 
m = 
n — 
\ = 
fi = 


dx'^^Xdx’^^dy'^^ dz) dx 


V'"* 

with symmetrical expressions for v and w 


d . d 


d y da 




The velocity along the radius vector = Xio + fxv + vw 
dx 


dy ■ dz 




dx 


dz) 


da 


+ ^ a^ix^ + Ix-^ + v “ ) X2 -p 


dy 

A 

dx ‘ ^ dy~^‘' dzj 

^ — term in the expression for the velocity along the radius vector, 
which is independent o^•xJr. 

fumtl nothbgt quantities 

wi ~ ^ 2f(cos^^ cos^ - sin'^e) - sin2'>|rsin6cosecos 0 

p, V l-m)+i.cos2f (cos^0.siu^e-cos"e)+sin2A/.sin6Cosecos 6^’ 

v= Hl-’^')+icos2f sm^0, 

Xfx= Im -1-1 cos 2f (1 -i-cos'^) sin ecos e+^ sin 2f cos 9 cos 26, 

V- . Ln -1-^ cos 2f (- sin 9 cos 9 cos e) -1-'| sin 2f sin 9 sin e, 
fxv—^mn + i cos 2y (- sin 9 cos 9 sin e) - 1 sin 2f sin 9 cos e. 
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The vortex itself contributes no term independent of i/r to the 
expression for the velocity along the radius vector; thus if the 
radius of the ring be small, we have approximately 


da 

di 


= -|a 




2. , 




2lm 


(Fn 

doady 


— 2ln 


d^a 


doo dz 


— 2mn 


m ] ; 

dy dz\ ’ 


or, since 


or, if — denote differentiation along the normal to the plane of 

' yv /l ' 


dx^ 


da 

dt 


i ® 


d^^ d^£l d^a . 

, d d , d 

L + m -y- ~T 
dx dy dz 


H ; 


dh 


the vortex ring, 


d?a 


da _ _ 1 
~dt~~^^'dJf 

From this equation we see that the radius of a vortex ring 
placed in a mass of fluid will increase or decrease according as the 
velocity along the normal to the plane of the vortex ring at the 
centre of the ring decreases or increases as we_ travel along a 
stream line through the centre. A. simple application of this result 
is to the case when we have a fixed ring placed near a fixed 
liarrier parallel to' the plane of the ring. The effect of the barrier 
is to superpose on the distribution of velocity due to the vortex 
ring a velocity from the barrier which decreases as we recede froni 
the barrier ; it is this superposed velocity which affects the size of 
the ring, and, since the velocity decreases as we go along a stream 
line (which flows from the barrier), the preceding rule shews that 
the vortex will increase in size;, which agrees with the well-known 
result for this case. 

Let us now find how the vortex ring is deflected. 

The velocity perpendicular to the plane of the vortex 


dfl , d 

dh dso 


d dn 


a® (A, 


' dx 


d dydO 
'^^dy '^^dz) dh 


The coefficient of cos 


^d . d . ^d \ da 

cosecosd^-f-sme^-smd^j 


dh 


4- terms in a® 


The c'oeflicient of sin <fr 
d 


a { — sin e ^ + sin e cos 


, d \ da , , - s' 

I — -TT- -1- terms in a . 
dy/ dh 


T. 


5 
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^ = coefficient of cos ■f in the expression for the velocity perpen- 

Cut 

dicular to the plane of the vortex. 

The vortex itself contributes nothing to the coefficients of 
either co& 'xjr or sin-^l^ in the expression for the velocity perpen- 
dicular to the plane of the vortex (see equation 43). 


Thus 


dt 

dB 

dt 


= a ( cos e cos ^ + sin e ■ 

dx dy 


sin 6 ^ approximately, 


si 


d 


sm € -7- + sm 6 cos 
dx 


. d\dfl 


Now by § 6, 
dl 
dt 

dm 

dt 

dn 

It 


1 dB^ 
a dt 


sm 6 


IdB, 

— =7 cos e ■ 
a dt 


dy) dh 

1 dy^ 
a dt 

ld% 


a dt 


cos 0 cos 6, 
cos 9 sin 6, 


a dt 


sin 9. 


Substituting the values just found for 
expressions, we find 

dhdx 


d^ 

dt 


dt 


in 


these 


dt dh^ 


dm 


dt~'^ dJf 
dn _ drD> 

Tt~'^ W 


d^a « 


dh dy 

d^a 
dh dz 


(80). 


These equations enable us to find the orientation of the plane 
of the vortex at any time. 


da. 


To find the change in the shape of the vortex, we have 


— coefficient of cos 2i|r in the expression for the velocity along 
the radius vector. • 

Now the vortex itself contributes to this coefficient the term 
— ^ ’ "^2 (see equation 38). 
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And if we pick out the coefficient of cos 2 - 1 !^ arising from the 
velocity potential O, we shall find that it reduces to 

^ .72r\\ 


Thus 


, oa 1 

-log 


f" + 2' 


, /d’D, ^ „ m\ 

wliero - denotes differentiation along an axis coinciding in 
die 

direction with the radius of the vortex ring. for which = 

da 20)6% 8 a . 

Thus = 

Again, 

'^'>'2 = coefficient of cos 2a|/' in the expression for the velocity 

perpendicular to the plane of the vortex, 

Now the vortex itself contributes to this coefficient the term 

a log — . a. (see equation 43). 
a e 

And if we pick out the coefficient of cos arising from the 
velocity potential fi, we shall find that it reduces to 




Thus 


d^-'^ d‘ e 


: —4-^® 

2 4 


dh^^ dIsV dh’ 


and thiS; with the preceding equation connecting %> enables 

■us to find and 72 - 

We have two exactly analogous equations connecting d^Jdt an 

the only difference being that we substitute jjy for where 

denotes differentiation with respect to an axis passing through 
the centre and coinciding in direction with the radius of the vortex 
ring for which ■)|/' = 0. 

8 37 We can apply these equations to find the motion 0 
a Yortex ring which passes hy a fixed obstacle. We shall 
that the distance of the Yortex from a 

■with the diameter of the vortex, and that the 

’’^'^Let the plane containing the centre of the b 

the centre of the Yortex A, and a parallel to “ 

motion of the Yortex he taken as the plane of Let the aas ot 
ic be parallel to the direction of motion of the vortex. Let 
the strength of the vortex, and a its radius. ^ ^ 
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^ = coefficient of cos f in tlie expression for tire velocity pcrpen- 
dt 

dicular to the plane of the vortex. 

The vortex itself contributes nothing to the coofficicnt.s of 
either cos or sin'v^ in the expression for the velocity peipeii- 
dicular to the plane of the vortex (see ec^uation 43). 


Thus 
dy. 


dt 

dt 


= «|cos.cos^|^ + sms|' 


. „ d\dQi - , I 

smdj-] ^ approximately, 


1 = a 


d . ^ d\dD^ 


Now by § 6, 
dl 
dt 

dm 

dt 


1 

a dt 

1^1 

a dt 


sin 6' 


cos 6' 


1 (hi 


a dt 

1 dy^ 
a dt 


cos 6 cos 6, 
cos 6 sin e, 


di~ a dt 


Substituting the values just found for 
expressions, we find 


di 


— in these 
dt 


dl _ 

, « 

^ dW 

dm 'I 

dt 

dh dx 

dm 

d^a 

dm 

. dt 

dh^ 

dll dy 

dn 

d"a 

dm 

dt 

dh^ 

dh dz _ 


.(80). 


These equations enable us to find the orientation of the plane 
of the vortex at any time. 


da, 


To find the change in the shape of the vortex, we have 


= coefficient of cos 2^^ in the expression for the velocity along 
the radius vector. • 

Now the vortex itself contributes to this coefficient the term 

— log — .^2 (see equation 88). 

(t c 
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And if we pick out tke coefficient of cos 2^ arising from the 
velocity potential fl, we shall find that it reduces to 

dkV’ 

where denotes differentiation along an axis coinciding 
direction with the radius of the vortex ringior which f = iw. 


d<x 2&)e'^ 1 8oe< 

= ^ log — . % 

dt ^ e 


'd^a , ^d^a'' 
dh\ 


Again, 


.^r« = coefficient of cos 2^ ^ expression for the velocity 

perpendicular to the plane of the vortex. 

How the yortex itself contributes to this coefficient the term 

I log ^ . a, (see equation 43). 

And if we pick out the coefficient pf cos 2^|c arising from the 
velocity potential we shall find that it reduces 

\dJf dhy dh 


„ (W6^ , 8tt 

'I 3- log V® 




dh^'^^d!^) dh ’ 


and thisy with the preceding equation connecting and %, enables 

us to find and Yg- ^ , 

We have two exactly analogous equations connecting dt^l an 

the only difference being that we substitute for where 

denotes differentiation with respect to an axis passing through 

the centre and coinciding in direction with the radius of the vortex 

ring for which = 0. r • r 

R Wp pan annlv these equations to find the mo ion o 

a v!r£ ri5 wSh^aSs by jLrt coS 

that the distance of the yortex from a 

with the diameter of the vortex, and that the obstacle is 

the plane containing the centre of the 6”^ sphere 5, 

. the centre of the vortex A, and a parallel to 
motion of the vortex he taken as the plane of ^ PeW he 
^ be parallel to the direction of motion of the vortex. Let m be 

the strength of the vortex, and a its radius. 
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The velocity potential due to the vortex at a point F 
= approximately. 

J__J^ ^ 

AP AB^ AB'^ 


Now + .. .. (fig. 6), 



if BP < AB, and Spherical harmOiiics with AB for axis. 

At the surface of the sphere the velocity parallel to x 

1 


T f z f I \ ^ , gScos^d- 

^ dx^ (aP j “ ^ ~~~AW 


■ + smaller terms, 


/ 1 \ 1 , 2 3 cos 0 sin 6 „ 

VZP / ~ ^ *” terms. 


where 0 is the angle AB makes with the axis of x. 

The velocity parallel to the aiis of y 

P 

dxdy \AP)~ AB^ 

Now at the surface of the sphere the velocity must be entirely 
tangential, hence we must superpose a distribution of velocity, 
giving a radial velocity over the sphere equal and opposite to the 
radial velocity due to the vortex ring, i. e. equal to 

^ ^ — 1)4- 1 3 cos ^ sin 6 

if X and y be the coordinates of a point on the sphere, h the 
radius of the sphere. Let AB — P. Xi, the velocity potential 
which will give this radial velocity, is given by the equation 




.i^|(3oos^^-l)|-l + 3cosS.in«#i 
' dx r dy r 




where r = BP. 

Xi is approximately the value of the velocity potential which 
produces the disturbance of the motion of the vortex. 
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The equation 
becomes in tliis case 


da 

~dt 


= — 


dh^ 


da _ 
di 

Now 




di/f \r 

d\ n 

dx^dy \r 


^3 1 //Si 

(3oosV-l)^- + 3cos0Bine^-^. 
1\ 3 (6 cos®^ — 8 cos &) 

3 sin 0 (1 - 5 cos®^) 


We must express the quantities on the ri^ht-hand side of the 
equation in terms of the time, 

Let us measure the time from the instant when the line joining 
the centre of the sphere to the centre of the vortex is P^" 
pendicular to the direction of motion of the vortex. Let u be the 
velocity of the vortex ; then we have, accurately if the motion were 
undisturbed, and very approximately as the motion of the vortex is 
only slightly disturbed, 

XV — C -tUI , 

a 

cos d — 


sin 9 


{g^ + uH^) 
0 




(o'+mV)*’ 

where c is the shortest distance between the centre of the vortex 
and the centre of the sphere. 

Substituting we find 


dt 


i — 5. 




^ (c" + u"ff ’ 

thus the vortex expands until it gets to its 

the centre of the sphere, after passing its shortest distance it 

to expand and begins to contract. 

Integrating the differential equation, we get 

where a. is the value of a before the vortex got near the sphere. 

Thus we see that the radius is *^0 same ^ter fte vortex 

has passed quite away from intermediate positions it 

near to it, since in both cases — oo , in i 

is always greater. 
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k 



The greatest value of the radius is 


16 it c° J ’ 

the greatest increase in the radius is thus proportional to the 
volume of the sphere, and inversely proportional to the sixth 
power of the shortest distance between the vortex and the 
sphere, 

§ 38. To find the way in which the direction of motion_ of 
the vortex is altered we have, if I, 'tn are the x and y direction 
cosines of the normal to its plane, 

dt daf dxdy " 

Now in the undisturbed motion to = 0, so we may write this 
equation 
dm d^Sl 
dt 


dm _ j 
dt ^ 


dxdy ’ 
m'lfd' 


(3 cos’=^-l) 


Now 


d^ 


d^ /I 
daf'dy yt 


+ 3 cos 0 sin 0 


d^ 


difdx 


daddy \r 
dd 


3y 

/1\ __ 3x — By^) 

\rJ ~ r‘ 


dy^dx 

Substituting these values, we find 
dm „ TThlddd 
dt 
dm 


3 . 

¥ 


Bd 


sin 0 (1 4- 4) cos® 6 ) ; 


thus is always negative, or the vortex moves as if attracted 

by the sphere; expressing the right-hand side in terms of the 
time, we get 


dm 

dt 


= — ^m'lfadc 


4c® 


[{c^ + uHy (c® + w®«yj 

Integrating both sides from i = — oo toi = -I-oo,w6 find that 
TO, the whole angle turned through by the vortex, is given by the 

, . . , 'irm'lfad 

equation to = ' 


la's 


and this effect varies inversely as the sixth power of the shortest 
distance between the vortex ring and the sphere, and directly as 
the volume of the sphere. Sir William Thomson shewed by 
general reasoning that a vortex passing near a fixed solid will 
appear to be attracted by it (“Vortex Motion,” EdinhurgJi 
Transactions, vol. xxv. p. 229) ; and this result agrees with the 
results we have obtained for the sphere. 
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PART III 


LinJced Vortices. 

8, We must now pass on to discuss the case of 
Cortices We shall suppose that we have two vortex rings linked 
me through the other in such a way that the shortest distance 
retween tL wrtex rings at my point is 
adiusof the aperture of either ™rt“.™S. but large 
vith the radius of the cross section of either of them, i Hus, tne 
drrnmstances in this case are the opposite to those in the case we 
dave iust-heen considering, when the shortest distance between 
bhe VOTtices was large compared with the diameter of either. 

■ tl" tnnteTrLs\octiro?^e orlfS 

Sat" ftt^remain approximately circular. We shall, therefore, 
discuss this problem first. 

Q- .o /IktnTice between the vortices is very small compared 

with ?he “f tte™ res of the vortices, the changes m 
With tne raaii 01 n-nnroximatelv the same as the 

mmirS "aScrhetween thern'is great compared ivith 

the radius of either of their cross sections. 

colu^"e r m^omen : ^pp— ^lir-knherwS 

always remain so. ® i i. 

We must first find the velocity potential due to such a vortex 

column. 

Let the equation to the cross 

p,^^ + a^cos%^ + /3„sinw6', 

rs rsr.it 

rotation. 
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The stream function ijr due to this distribution of vorticity is 
given by the equation 

■\lr = — ~ JJ CO log r dad dy' 

(Lamb’s Treatise on the Motion of Fluids, § 138, equation 33), 
where r is the distance of the points x, y from the points x', y'. 

Thus 'ijr is the potential of matter of density — distributed 

over the cross section. 

At a point outside the cylinder let 

a" 

= 0 — 600 -“^ log r + cos nd + B,, sin nO) . (81), 

At a point iuside tlie cylinder let 

^(07^ -h cos n$ + sin . (82). 

(X/ 

Thus, since is continuous, these t’vyo values must be equal at 
the surface of the cylinder; thus, if we substitute 
r = a + a„ cos nO + /3„ sin n0, 

we may equate the coefficients of cos nd and sin nd in the two exr 
pressions for 

Doing this we get, neglecting powers higher than the first of 
a,„and/3„, 

■— coacc,^ + = — coatx,^ + .A 

- Q}a^„ + - <Ma/3„+ B'„ ; 

or = 

B„=^B'. 


The differential coefficients of ^Jr are continuous ; thus the two 
values of ^ must be the same at the surface of the cylinder; 
differentiating both expressions for t/t with respect to r, putting 
r = a + a„ cos + /3„ sin nd, 

and equating the coefficients of cos nO and sin nd, we find 
^ nA„ nA'„ 


CO0l„ 




a 

a 




nB\ 


co^„, 


Solving these equations, we find 


A = 


71 


B = 


acfiBn 
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Thus at a point outside the cylinder, 

a” 

^ = a-coanogr + ^(a„cosn^ + /3„sm?i0)^ ...(83). 


We can now find the time of vibration of a single vortex 
column whose section differs slightly from the circular form. 

‘ For if p = a + a cos + /3„ sin be the equation to the cross 

section, then, since the surface S" 

of the fluid, using the theorem that n M [oo, y, z, ) 

equation to such a surface, 

dF dF_^dF d^_Q 

dt^ dco^ dy dz 

we get 

M =:^cos'W0+ @...(84), 
dt dt f. 1 T 1 

vSnd t “M^tound ?L“Js 

of the cylinder. 


Now 


ia=-^ 

^ rdd’ 

_ 1 
0 -5 — . 

r dr 


Thus, when r = » + «, cos + A sin 

_ — « (a„ sin nd — /3n 


0 = (B 


(a„cosn0 + /3«sin?^6') 


.(85), 


neglecting squares of a„ and . n ■ „ 

Hencesubstitutix^in equation (8.) and negleotxng aU powers of 
a, and above the first, we get 

7 


-co(a„sin«.fl-/3.cos»e) = ||oos«^+ 

_nci,(a.sinm£l-/3„oosne): 

equating coefficients of cos nS, and sin nB, we get 
dt 


dl3„ 


sin 


d^„ 

dt 


■ (n — 1) CO^n^ 
(n — 1) w««5 




therefore 
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or a„ = ^cos{(7i— l)c<j^ + /3}, 

= A sin {(w — 1) cwi + /3j, 
where A and j3 are arbitrary constants. 

Thus r = a + A cos WnO — {n — 1) cot] — (86). 

Thus the section never differs much from a circle, and the 
disturbance in the shape travels round the cylinder in the time 

27r 

{n — 1) (o' 

These results agreed with those stated by Sir William 
Thomson in his paper on “Vortex Atoms” {Phil. Mag. 1867), and 
proved in his paper “On the Vibration of a Columnar Vortex.” 
Proceedings of the Royal Society of Edinburgh, March 1, 1880; 
reprinted in Phil. Mag., Sep. 1880. 

§ 40. Let us now consider the case when there are two vortex 
columns in the fluid (fig. 7). 


IP 



Let p = a + '^,{ot^cosn6 + /9„ sin n6) 

be the equation to the cross section of the one with A as centre, 
and let 

p =h + %(a^' cos n9' Bin n6') 

be the equation to the cross section of the one with P as centre, p 
being measured from A and p' from B, 

Let c be the distance ^ AB between their centres, and e the 
angle AB makes with the initial line. 

Then the stream function -ijr due to the two vortex columns at 
a point P is given by the equation 

'\Jr = G— coa^ log r + ~ cos n9 + sin n9) — 



linked vortices. 

. ^ . P / _ BP and 0 , 6' are tlie angles AP and 5P make 

are the angular .elocrtres of 

molecular rotation oi the two vortex columns. ^ 

We shall want to use the current function at the Mjfece 

of both the cylinders, thus It will be ™J‘™“®fkction where the 

of transforming that part J*'?™ k^in to coordinates 

with B as origin, and mca by trigo- 

tlio follewing lemma, -wlncli may b y P 

nonietry. ^ 



Levima. 

§«. If rlP=r, 5 P=/, <PAB^^, <FBG^^ AB = 
Then if / < c ^ ^ 

5 S»±== 2 |g)sinx- o(^) 

r” c ( , o 


iTTKcJ 

17273 \oJ 


cos 3% + 


sm^^ = ^ jsin nx ^ ^^72“ C') ^ ‘ 

== A f cos nx - V cos (w + 1) % + nfX' t') ^ ' 

§42. Again + ^ + 


If c > 


1 J- - COS Y — I- V COS 2% + i s ' 

log T = log c + cos X i g 2 c 
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If c < r , 

0 

log r = log/ + - cos cos 2 :jc: + i ^8 cos 3;^; .... 

We can now find the effect of the vortex columns on each 
other. 

For if 3^ he the radial velocity of a point Q on one of the 
vortex columns relative to B the centre of that vortex column, 
and 1% the velocity of Q relative to- B, perpendicular to BQ, 
then as before 

doL (JS' 

^ cos n9 + ” sin nd' — n (a\^ sin n9 — cos n9) @ . . . (87), 


Now, the part of 3^ due to the vortex column with B as centre 
= — &)' (a',^ cos nff — sin n9'), 

the part of 3^ due to the term — coa^ log r in the stream function 
= - (ua.‘‘®|^sin2 (d'- e) -^gSin 3 {9' - e) + ~4-sin4 (O'-e) ...| , 


the term 


/ 0 , 0 - Z)\ “ 

— (a„cos?^0 + /3„slnwd)^ 


gives — a® (a„ cos ne + sin ne) (n + 1) 


X sin 2 (9' - e) - sin 3 {O' - e) +...| 

Cl^ 

— aco (/3,„ cos ne ~ sin ne) (^^ + 1) 
c 


X 



{n-\- 2) 

TTl" 


cosS (d' — e) +. .. 


Since a„, (3^, and - are all small quantities, as we are 

neglecting the squares of small quantities, we may neglect these 
terms which involve quantities of the order of and for the 
same reason, we may in equation (87) put ® = w', since it' only 

differs from it by small quantities of the order a„ and -, and in 

c 

that equation 0 is multiplied by quantities of this order. 


Substituting these values for M and ® in equation (87), and 
equating the coefficients of cos 9', and sin 9’ on each side of the 
equations, we get 



dt 


- 0 , 



or, as <x\ and are zero initially we get a\ = 0, = 0, and 
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similarly c, = 0 , ft = 0 ; and thus the motion of the ™ 
of either vortex column is not disturbed If ® 

coefBcients of cos 26' and sin 26' on each side of equation (87), we get 


da' cwa’'&sm 26 

^+®;3,= ^ 


and 


dt 


coa= — 


(oa^b cos 2 6 


Now AB travels round approximately uniformly with an 

V t -j 1 , „ + a}b^ value of n follows at 

angular velocity n, where n — ^2 > 

once if we remember that the centre of gravity of the two vortex 
columns remains at rest. 

Thus taking the initial position of AB as the initial line rom 
which to measure our angles, we have e-nt. 

Thus 

<*< + „'ft,= ?^^sin2n«. 


dt 

dt 


_„V =_?^^^cos2«f; 


therefore 

therefore 


«') cos 2nt; 
wa^h {2n + (o')cos2.nt 

= A cos {(At + p) + 4^2 


.( 88 ). 


c 

Now, let ft = 0 initially, then dft/dt = 0 initially, and we get 
(na^h __ 

' .(89). 


a„ = 


/3' 


2 (? {(A 
(oa^h 


^ (cos ^nt - cos A 

2w) 


(sin 2nt - sin At) 


“ . „• This 

Thus the cross section at any bS vibrates 

£tt?erlr^=ri=— 

varies inversely as the square of t e is a 

A{A—'2.n)' The vibration has two periods, a 

between the vortex columns. 

nr 

long one — and a short one • 

•m . 1 .ttqrl thus will be relatively 

The terms in a^, /3, will involve ^ 3 ; 
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unimportant, as /3^ only involve tlie square of tlie same 
reasoning applies d fortiori to and /3„ when n is greater than three. 

§ 42. Our investigation of the motion of two infinite cylindrical 
vortices shews that to retain an approximately circular cross section 
the vortices must he at a distance from each other large compared 
with the diameter of the cross section of cither. If wo consider a 
portion of two linked vortices near each other, and regard them as 
straight, which we may do if the distance between them is small 
compared with the radius of the aperture of either, we see that the 

‘“H 

vortices will spin round each other with an angular velocity 

when m and m' are the strength of the two vortices, and d the 
shortest distance between the two parts of the vortices we are 
considering; thus, if the motion is to be steady, we must have this 
angular velocity approximately constant all round the vortices, 
and therefore must be approximately constant all round the 
vortices. 

To get a clear conception of the way the vortices, supposed for 
the moment of equal strength, are linked, we may regard them as 
linked round an anchor ring whose transverse section is small com- 
pared with its aperture, the manner of linking being such that 
there are always portions of the two vortices at opposite extremities 
of a diameter of a transverse section of the anchor ring. The 
shortest distance between pieces of the two vortices is then 
approximately constant, and equal to the diameter of the transverse 
section of the anchor ring. 

Let us suppose that the vortex is linked r times round the 
anchor ring, then the equation to the central line of Vortex core 
may be written 

p = a + cos ^ + /3j sin ^ . .a^ cos rO + sin rd 

+ . . . cos wd + sin +. . . 
® = 5 + 7 i cos ^ sin d +. . . 7 ^ cos r6 + 8 ^ sin rB 

+. . . 7 ^ cos'tz^ + sin . 

Let the equations to the second vortex differ from these only 
in having accents affixed to the letters. Here /3 ^ ; 7 ^, ; a.\, ; 

f V ^ 1 ’ ate all small in comparison with a and a', but a^, /3^ ; 

5 “'r’ r > J t ^I'e lai'ge Compared with the others, so that 
in the expression for the velocities due to the vortex rings we shall 
go to the squares of these quantities, but only retain the first 
powers of the other quantities denoted by the Greek letters. Let 
m be the strength of the vortex whose equation was first written, 
which we shall call vortex (I), m the strength of the other, which 


linked vortices. 

we shaU caU vortex (II). Let o and / be the radii of the cross 
sections of vortices (I) and (II) respectively. . j • o in 

Let A denote the value of the quanfaty we denoted m ^ Id 
by A , due to the vortex (I) at a point on the surface of itself. 

.i.the value of the quantity .4. due to the vortex (I) at a 
point on tlie surface of vortex. (II). 

A, the value of the quantity .4. due to the vortex (II) at a 
poiS on the surface of the vortex (I). 

the value of the quantity A, due to the vortex (II) at a 

Doint on the surface of itself. „ p , j 

^ Now from equations (11) and (14) the terms of the first order 
in a la/^nhe^^xpr^ for the velocity along the radms vector 
due “to the vortex (I) at the surface of the vortex (II) are 

A (7 cosn^|r + S'„sm7^'l/^) ^ 

" ^ 

If we suppose the 

diameter d, m such a way that the 4-„yy,pter of the transverse 

vortices at opposite extrennties of - ^^sh) we 

section, then in the expression tor t=, h 

must put a: = |( . Substituting this value of A, and retaining 

only the most important te^s we 

radius vector of the vortex (II) due to the vortex ( ) 

^ _!?L 2 I ( 7 ; cos nf + S'„ sin n-^) ( " I ) 

/ 4a® , .M 64a®\] 

+ (7n cos / J 

By equation (38) we see tha,t the velocity along the radius 
vector of the vortex (II) due to this vortex itself 

f 0 V 64a'® 

= „ J!L^ ^ (ry'„ cos nf' + 8'^ sin w-v/^) log • 

4'7ra' 

But -from the equation ^ 

p' = a' -f X (a „ cos nf + /3'„ sin nf) + e' cos 

we see that if we only retain the first powers of the quantities 
/3'„, the velocity along the radius vector 


= — ^ cos n-^ + 
dt 


sin n^jr, 


^( 7 ' ^ 


KA/U . p 

equating the coefficients of cos H sin in ‘his expression or 
the velocity and in the expression just found, wo lina 
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'4a^ a 1 64a^\ 74a® .2 nx i 64a®\ 

^ - i log - X. + (»' - i) log ^ ' 


m 


4i7ra' 




J 

64a'® 


d/3' m 


dt 47 ra‘" 


^ S' 




4a® 

d® 


, , 64a®\ . /4a® ,2 i 64a®\ 

■ I log -^j - + (“ - 1) log J- j 


m 


? 2 ® loff 


64a'® 


d® 


From equations (16) and (17) the terms of the first order 
in a,^, &G., in the expression for the velocity perpendicular to the 
plane of vortex (II) due to vortex (I) 

= ^ma (2aj2^o - <^'12-^1) “ 

+ -g-wa® (a'„ cos n'^jr + ^ „ sin w^jr) -I " 12 -^ 1 ) 

+ ^7)1 (a,j cos n'^ + sin iz'^) -l-ga F {i 2 '^«“"l' (i 2 '^«+i‘i'i 2 ''^)i-i)} 
+ 2a^,A^ + -|a {{n - 1) - (w + 1) j| , 

where, before differentiation, the tI’s are to be regarded as 
functions of r' and B, and after differentiation we put 

r' = a + stv cos r-yfr + j3,;. sin r'yjr, 

B = a' + a\. cos 4- /3',. sin rf', 

and retain the largest terms ; the quantities a^, a',., have 

each |d for their maximum value. If we substitute in these 
expressions the values for the quantities denoted by the J.’s 

given in equation (85), and put 

velocity perpendicular to the plane of vortex (II) due to 
vortex (I) 


m 

27ra 


/, 8a 7)1 . , t, a' • I b4a®\ 

^log -j - 1 j - (=. „ cos «t + ^ „ sin «t) (-35-+|l»g-5^j 

m , , n ■ IN /4a® .2 64a®\ 

47 rd® \W ~ ^^^~dF)’ 

if we go to the first powers only of the quantities denoted by the 
Greek letters. 

The velocity perpendicular to the plane of the vortex (II) 
due to this vortex itself, is by equation (43) 


111 

'iTTCh 


(log ^ - 1) + ^^2 {n^ - 1 ) log ^ {< 00s nf + / 3 J sin nf). 
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But .from the equation 

.2 = 5 + ;^ ( 7 ',, cos ifylr + S'„ sin 

we see, as in equation (40), that the velocity perpendicular to 
the plane of the vortex, is 

Hence, equating the constant terms and the coefficients of 
cos and sin in this expression, and the expression we 
have just found for the same quantity, we get 

dt 27ra\ ^ d / ^ \ ^ 6 J 

dy' m f /4a\ , 3 m 64a'*\ > ^ . 64<a^\ 

-i " = w r- (v + “ "lir + " 


In the case we are considering the mean radii of the vortices are 
equal, thus a = a'. 

If we write for the sake of brevity, 

4n^ - , ,64a“ \ 

M'=v?log^ - 








(90). 


d^ 

64n" 


d^ 

Q' = (^^" - 1) log 
^ , 4a^ ,2 .v 1 64a' , 


Then our equations become 
da'^_ 1 
dt 47ra^ 

T. 


{ 7 '„ {mL — m'M') — 7«w-5^} (91)) 

6 
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KQ' - (92). 

If we go to the vortex (I), wo get 

cl^ m . 8a on , 8a __ m + on' 

It ~ "irra 27rtt e "iira 

Tt ^ 

where M and Q are what M' and Q' become when e is writteix 
for e\ 

dOi 

Equating the two values of ^ , we must have 


or 


dt' 

m , 8a on' , 8a on' , 8a , m , 8a 
^ '“S V + ^ '"S 7 = ^ '”S - J + ^ log - . 

d f'x d 

miog- — m log 


.(93). 


e e 

We shall first consider the case when m = m', and therefox’e 
e = e'. 

In this case our equations are 
da„ 'Til 


dt 47ra' 
d^'n 




dt ~ W {L-M)-r^ J(], 


dt ^ttOj 
dx, on 




on 




dt 47ra“ 

Adding the first and third of these equations; we get 
(a'„ + a„) = {L-M-N) (7,, + 7 „) ; 

adding the second and fourth, we get 


d 


dt 

Hence 
d\ , 

5 (a n + «„) + 


Wn + 7« 


on 

4!7rd‘ 


{Q+E-P) K+«n)- 


dti' 


/ on Y 
\47ra7 


ilQ + R-P){M + ]Sf-L) (a', + o„) = 0 ; 
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therefore a'„ + a„ = J. cos 4- e), 

where (Q + R ~ + N — L), 

and A and e are arbitrary constants. 

Substituting the values of the quantities involved in the ex- 
pression for V, we find 


;£^,)'4rfK-i)(iog?|+iog|y 


therefore 


.( 94 ). 


TO , f 2 / 2 1\1 1 

or if V be the velocity of translation of the vortex ring we have 
very nearly 


z/ = V {n^ {n^ - 1)} 


I 

a 


and 


7. + 7. = ^ — siu (yt + €) 


we get 


Subtracting the third from the first of the four equations giving 

&c., we get 
at 

Subtracting the fourth from the second of these equations. 

Hence 

^(a' -a) +( {L + F- M) {E + F-Q) (a',, - «„) = 0 ; 

df \47raV ^ 

therefore ol'^ — a^ — F cob {/J^t + e), 

where fF = (L + N- M) {B + P — Q), 

and B and e' are arbitrary constants. 

Substituting the values of the quantities involved in the ex- 
pression for we find 

/ m \^/8a^ „ V , 64a® ■ 21 64a®\ 

= ( w) (v" + V ) 

X + K + i) log 5^ - (»’ - 1) log 
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f m Y(4a® , 


8a OT d 
-f — n ioff - 

d ° e 


/4a® ,, , 8a , „ _ . , d 

X ( + 1 log -J - - 1) log 


.( 95 ), 


and 

where B' = — B ^ 


7'™~7„ = -®' sin {fit + e), 

4a® „ , 8a 

-4- j 1 n(T — 


+ -|log^"- (w"-l)log 


d-] 

e 


4a® „ 1 8a 

— — A. ncr — 

^ d 


lo£ 


d 


i. d^ ^ d G 

Combining the expressions for ct'„ + a„ and a\^ — a„, and doubling 
the arbitrary constants A and B for convenience, we find 

a\ = A cos {vt + e) 4- J5 cos (yxi + e) 

= A cos (vt + e) — jB cos {/xt + e') 

^ A sin (1^15 + e) + B' sin + e) 


^n- 


— — 1) sin e) _ j5' sin ^ g') 


.(96). 


Since exactly the same relation exists between /3',i and 8'„, /3„ 
and 8,^, as between a'„ and <y\, o£„ and we shall have 

= G cos (vt + e) + -D cos (fit + d) ' 

G cos (vt + e) — D cos (/xt + e') 

g'^ = — 11 Q sin (vt ■\-e)-\-D' sin (^xt + e') 


g^ = ^ G sin (vt 4- e) — Z)' sin (fxt 4 e') 

Yl 

where JD' — ~D ^ 


.(97), 


4a® 8a , ^ d- 

+ flog -^--(w®-l) log - 


4a® „ , 8a 


w® log 


d 
e J 


As consequences of these equations we see (1) that the motion 
of the kind we have been considering is possible and stable; (2) 
that for each mode of displacement there are two periods of 

vibrations, viz. — and — . 

V fX 

Now, if - be of the same order as -j , — ^,iii -be oj-der 

a ct cL 

and when x is large, x is very great compared with logo;, thus 
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j will be great compared with log^, and therefore will be great 
compared with log ^ . 


Thus fJb will be very much greater than v. We shall for con- 
venience refer to the vibration expressed by A. cos as the quick 
vibration, and to the one expressed by A cos vt as th e slow vibra - 

— 2771 

tion. As a very rough approximation we see that = — or the 


2 72 

period of the vibration . This would be the period in which 

two infinitely long straight vortices would rotate round each other 
if the distance between them were great compared with the 
diameter of either. We also observe that the coefficients of the 
quick vibration in the expression for and ct ^ are equal in 
mao’nitude and opposite in sign, and that the same is true for the 
coefficients of and y',,. Thus, if the vortices were initially 
placed so that aj was equal and opposite to a',,, and equal and 
opposite to jn, t he slow vibrations wmuld not be excite d, and could 
only arise when the vortices suffered some external disturbance. 
This relation between and a'„, and 7 „ exists when the vortices 
are placed as we have supposed them, i.e. when they are wound 
round an anchor ring, the cross section of which is small compaied 
with its aperture, and so |)laced that pieces of the two vortices are 
always at opposite extremities of a diameter of the cross section of 
the anchor ring. 

Let us consider in more detail some of the simple cases. 

(1) Let us suppose that the vortices are linked once through 
each other. 

In this case = 1, and by equation (95) 





8a T d 
flog^-log- 



or approximately 

(2) Let the vortices be linked twice through each other. 
In this case we have approximately, since ?^ = 2, 




A_-i-loc. 
4<d ° e 


)■ 


3m 


Thus this vibration is slower than the other by log - 

vibrations in a second; this is a very small fraction of the 
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whole number of vibrations in a second, and increases with the 
distance between the vortices, the cross section remaining the 
same. 


If the vortices are linked n times through each other, 
have approximately 


m 

TT 


- 1) 



we 


Thus we see that the period of the vibrations gets longer as 
the complexity of the linking increases, but that the difference 
in the number of vibrations per second from this cause is small 
compared with the whole number of vibrations per second. 


§ 4S.. Let us now go on to consider the case when the two 
vortices are of unequal strength ; in this case there will for each 
value of a be a definite value of d, so that if the radius of the 
aperture of the anchor ring, on which we supposed the vortices 
wound, be given, the radius of the transverse section of the anchor 
ring will be determinate. 


The relation connecting d, and e, e the radii of the transverse 
sections of the vortex rings, is by equation (93) 

■t d f H d 

m log - = log - , 



Now when a is given e, and e' are determinate, since the 
volume of fluid in each vortex ring remains constant ; and from 
the equation d can be determined. 


Let e = re, 

m = sm', 

then we may easily prove from the above equation that 

d — r'~^ {re') (98). 

1 

_ Since d must be greater than re , must be greater than 
unity, thus if s be greater than unity, r must be so too, or the 
vortex of greatest strength must have the greatest cross section. 
If we ^ are to apply our results, which were obtained on the 
supposition, that the distance between the vortices was great 
compared with the diameter of the cross section of either; we 

must therefore have large. It ought to be noticed, that r as 
well as s is constant, and does not depend on the radius of the 
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rings/ for if Q and Q' be the volumes of the liquid in the vortices 
(I) and (II) respectively, we have 

Q _ = r® or r = * a constant quantity. 

Q'-i-n^ae’ V« 

With the same notation as before, we have, by equations (91) 
and (92), 

ly. (mi - WJlf ) - 'i.mN} \ 

dt ^-rra^ ^ ^ ^ | 

^ == ^ {m'Q - mP) + ajnR] 
dt 4}7rd‘ ^ ^ 

^ {7„ (m'ii - mM) - 7'„w xY} 

dt ^TTO- 

— K ii = ■ ^ - 7 - ja imQ — on'P) + a'^^mP} § 

dt 47ra' ^ ^ / 


y ,..(99). 


If we put 

a„ = Jle®‘, 

we find by the usual method the following equation for g . 
{2OTTO'iVE - (m'Q' - mP) (mP - tti'M) 

- (m'Q - mT) {m'L - mil?)} 2“ 


4 . {(m'Q' - mP) (mQ - m'P) - 

X ( {mL - m'if ) (m'P - m IT) - mm' Y"} = 0. 


If we nut (f = — and suppose ajd of the same order of small 
quantities' as then we shall find, by subsf uting ^ quan- 
tities involved, their values from equation (90), that the two values 
of _p are approximately 

m + m' 


.J22L 1 (2»>-l)logg 

m + m ‘k'ircjd 


= 23^11) |m' log I + m log ^ + m log ^ + m' log ; 


or if V be the velocity of translation of the vortices, the last equa- 
tion may, by the help of equation (93), be written 

n V (ri^ — 1) y 
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Thus we have, as before, a quick vibration correspondino' to the 
root and a slow vibration corresponding to ° 

Hence A cos + a) +B cos (p./ + /3), 

7 « = G sin (p/ + a) + H sin {p,p + ( 3 ) , 
a,^ = A' cos {pjt, + a) + B' cos {pj, + /3), 

7 ™ = C^^sin {pj} + a) + H' sin + j 3 ), 

where A, B C D, A', B' G[, U are constants, two of which are 
aibitraiy, and the rest deducible from them, a and ^ are also arbi- 
substitute these values for a,,, a' , 7', in 
le dilfeiential equations, we shall find that approximately 

mA = - m'A m (7 = - m'G', 

a = -g, . a:=-g\ 

■^== GB', B', 

B = B' = 


- 1 ) 


B'. 


^ fO 

equations shew that, as we might have 
expected, the way the vortices are linked is not the same as when 
16} are 0 equal strength. These equations shew that the vortex 
rings are now linked in the following manner. 

Describe an anchor ring whose mean radius of ajoerture is a 

and the radius of whose transverse section is — ^ then the 
, , , . „ m-\- m 

central line of vortex core of the vortex of strength m will always 

/ of this anchor ring. Describe another anchor ring 

11 e same circular axis and the same mean radius of aperture 

as the first, but with a transverse section of radius — d, then 

the central line ofi vortex core of the vortex ring, whose strength 
is will always he on the surface of this anchor ring; and will be 
so situated with respect to the first vortex ring that if we take 
a transverse section of the anchor ring, and if G be the common 
centre of the two circular sections, B and Q the points where 
•^e central lines of the vortex rings cut the plane of section, then 
j ; k_vill be in one straight line and G will be between B and Q. 

we imagine the circular axis of the anchor rings to move 
01 ward with a velocity Y, and the circular axes of the vortex 
nngs to rotate round it with angular velocity we shall get 
ct coHiplotG rcpiGsentation of tho motion. 

^ preceding investigations supposed the 

axes ot the two vortices to be twisted r times round an anchor ring 
nn described in § 34 , so that when the vortices are of 

equal strengths, and there are no other sinuosities in their axes, the 
equations to the axes of the two vortices are respectively 
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p = a + ^d cos {/Lit + 

^ sin {/xt + r'yjr) ) ’ 

p = a — ^dcos [pbt + r-v/^)] 

^ j — |c? sin (/zi + r-xl^)! ‘ 

When d is the diameter of the transverse section of the anchor 
ring, and = approximately, its accurate value is given by 

equation (95), writing in that equation r in place of n. 

Now, though d is small compared with a, yet it is large when 
compared with the quantities a„, At; denoting the other sinu- 
osities; so that it is desirable to include the terms containing the 
squares of d in the expressions for the velocities. 

By means of equations (11), (12), (14), (15) and (35), Ave find 
that the terms in d^ in the expression for the velocity along the 
radius vector 

We have only retained the largest terms in these expressions, thus 
we have neglected log ^in comparison with | . 


The velocity perpendicular to the plane of the vortex by 
equations (17), (18) and (35), if we retain only the largest terms, 

_ md^ 

STTcd 


' log^ 


‘FI 


+ 


64a'=l 

md 




8W {,.t + W)(^-y-(8r +-T-) log ^ J ' 


64a^\ 


We shall only require in the expression for the velocity perpen- 
dicular to the radius vector the terms containing d to the first power; 
we find by equations (11) and (14), that to this order of small 
quantities the velocity perpendicular to the radius vector 

md . I \ 1 

2 Sd 

Now, as before, ja will be large compared with log-^ , thus we 

may neglect the terms involving logarithms in the expressions for 
the velocities. 

If we go to the equation (§13) 


VS- 


■f) 


_ f (o(^ sin r’xjr — /3,, cos r'^jr) 'T' — e sin ^ . X — 
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and ^introduce into HR the additional terms we have just found, we 
get if we equate the coefficients of cos 2r'\Jr (neglecting the terms 


containing' Ion ) 


‘-ib ■‘■'•'tD 

dt 


64a' 

& 

on 


m 


sin 2ixt + . — ^2 
OTra 47ra 




see equation (91), here L, M, N have the same values as those 
given by equation (90), if 2r be written in those equations in the 
place of n. 

From the equation (§ 13), 

2(^cos,-t + §smrV.) 

- O' (<Y sin r-v/y — S,. cos r^jr) 'F + e cos . X = ; 

introducing into w the additional term just found, we get if we 
equate the terms independent of yfr on both sides of the equation, 


d^ on { 6 
= X — • < loe - 


dt 2Tra 


64a“ 

de 


2 -|- pi — 


ooi 

2ira 


. 64a^ 

log —7 X , , 

^ de ^ ^ 


if we equate the coefficient of cos 2r^lr on each side of the equation, 
we get, neglecting the logarithmic terms as before, 

see equation (92), P, Q, R have the values given by equation (90), 
if 2r be written in those equations instead of ox. 

We have similarly for the other vortex 

dcf.'^„ on . ^ , on , .... , 

" “*■ 4^^ (P - if) - 7 ^,N), 


so 


and 


dt 

dt 

d 


I («,-<) (.y,, - + JV- Jl/), 

d, , s on 


(72. “ 7 a-) = 5^2 K - a's.) (P + P - Q). 

These equations shew that if 72 . = 7 2 . initially, 

they will remain equal, we shall suppose that initially these 
quantities are equal, so that the equation becomes 

do.„.. on . ^ , on •,7^ 

■ST = - ^ + W ^ 

t?72. on n ooi 
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hence 
d^a 




w / 
4i7ra V 




Now, by equation (90), we see that JSf + M- L is small com- 
pared with fjb, i.e. that the equation is approximately 

^--gr q. J/V = — cos 2fJ,t, 
df ^ 47ra ^ 


if 




, mfi 

Thus a, 


— cos 2ut -i- complementary function , 

2r 4,rjTa, {v^ — 4/a ) 
equation (90) shews that v is small compared with fx, so tUat 
we have approximately for the forced vibration 


m 


a 


lOTrajU- 


cos 2fxt 


cos 2/ii5. 

32a 


Similarly 
and 


• ^ ir *y Sr ' ^2»‘' 

We thus see that any sinuosity gives rise to one of half the 
^vave length, and that, neglecting powers of | above the second, 
bhe equations to the two central lines of the vortices are 

p = a |l + ^ cos (M + ri(^) + 5^. «os 2 (fit + n|i)| 


( 100 ). 


UT 

' z = ^ -f JcZ sin (/li -f r'yjr) 4- ^ ^ 

p = afl-i^oo.(^t + r^) + ^,oos2(^t + rir)^ 

. [ 

0 = j sin (jLif •+. r-xjr) + sin 2 (/xf -f ri/r) j 

We have thus proved that two vortices linked in the manner 
described in § (34), are capable of steady motion, and that 
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this steady motion is stable; and if the vortices are of equal 
strength, their central lines take the shapes given by equations 
(100) and (101). 

§ We inay prove that if the vortices are to retain an 
approximately circular forrn, they must be linked in this manner ; 
lor oir W. Thomson has jrointed out that the condition for steady 
motion is that, with a given force resultant of the impulse and 
given vorticity, the kinetic energy must be a maximum or 
a minimum. If we imagine two approximately circular equal 
vortices linked through each other, so that the distance between 
their centres is considerable compared with the radius of the 
rings ; then if we give one of them a motion of translation 
so as to make its centre approach that of the other, we increase 
the kinetic energy without altering the imjiulse or vorticity; 
thus, when the centres are not near together, the kinetic energy 
IS not a maximum or minimum, and thus the motion cannot 
pe steady and when the centres are close together, the motion 
IS evidently as we have described it. 


§ 46. T he force resultant of the impulse, and the resultant 
Eiomentum, remain constant as long as the motion 
of the linked vortices is not disturbed by external circumstances 
(see §9 4, o), they will thus be constants determining the size of 
the system. We can express a and c? in terms of I the force 
resultant of the impulse, and F the resultant moment of momen- 

tuna. First, suppose the vortices are of equal strength, then 
by § 0 i. is } 

I==4wi7ra''p (102), 

p being the density of the fluid. 

This equation gives a the radius of the aperture of the 
vortices. 


By equation (.3), 


V=:mpJ{x^ + y^)^df, 

from the equation to the circular axis of the rinsr 

to 

dz ^ ' 

^ = irt?cos {rf + ixt), 


and + — ad cos (?W -f yu,^) + ^ cos^ (ri/r + put) ; 

integrating all round the ring, we find that the moment of 
turn for each ring = ^mpirrad^, so that 


momen- 


r = irmprad^ ......(103). 
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This is the same expression for the resultant moment of momen- 
tum as that given by Sir William Thomson in his paper on 
“Vortex Statics” Phil. Mag., Aug. 1881, p. 102. 

From equations (102) and (103) we find 
p _ A r (47rmp)^ 


Now ^ is small, hence the condition that the rings should be 

a" -p 

- . 1 ^ 

approximately circular and the motion steady, is that (4s7r7np) j-i 

should be small. 

If the vortices instead of being equal are of strengths m and m , 
we find in a similar way 

I = 271 a^p (m + m'),\ 

rmm' [• (104), 


r = 2irpaP 


m -I- m 


these equations determine a and d, but equation (98) deterinines d 
•when a is known ; hence, unless the value of d, determined fi(^ 
equations (104), differs but infinitesimally from that determined by 
equation (98), the motion cannot be steady if the vortex rings are 
nearly circular. 

From equation (98) we see that 

in' 

27rW= 

when Q and Q' are the volumes of vortices (I) and (II) respectively ; 
hence, from equation (104), we get 




m— m' m'— m- 

Q' 


mm 
m + m 


^(105). 


Thus when two unequal vortices are linked together, unless 
the moment of momentum has the value given 
the vortices cannot be linked in the manner described in § (,38), 
and so there can be no steady motion with the vortex rings a-pproxi- 
mately circular. 

8 47. In the case we have been considering only two vortices 
were linked together; we can, however, apply the same method to 
the case when any number of equal vortices are twisted roimd each 
other. We must suppose the vortices linked round an anchor ring 
whose transverse section is small compared with its aperture, the 
vortices being arranged so that the circular lines of their vortex cores 
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cut the plane of any transverse section in the angular points of a 
regular polygon inscribed in the circular transverse section of the 
anchor ring. ^ The question however arises whether such a distri- 
bution of vortices would be stable, and tlio following considerations 
will sheWj I think, that there must be a limit to the number of 
vortices which can be in stable equilibrium when arranged at equal 
intervals round the circumference of a circle. When we liave a 
large number of vortices arranged round the circle the distance 
between consecutive ones must be small compared with the radius 
of the circle, and thus, as the number of vortices ' increases, the 
systein will approximate to a cylindrical vortex sheet ; but for this 
case there is discontinuity in the motion when we pass from the 
inside to the outside of the cylinder, and, as Sir William Thomson 
lia,s proved, all discontinuous fluid motion is unstable; the equili- 
bimm in this case would be unstable and the vortices would pro- 
bably break up into separate groups, each group consisting of a 
comparatively small number of vortices. 

We shall now go on to investigate the number of vortices which 
can be arranged in the manner described and yet be in stable equi- 
librium. ^ 

ru distance between the vortices is small compared with 

the radi'us of their apertures this problem will be very approxi- 
mately the same as if the same number of infinitely long straight 
vortices were arranged at equal intervals round the circumference 
01 a circle, and as the mathematical work in this case is much 
simpler than in^the original one, it is the case we shall consider in 
the subsequent investigation. 

§ 48. Thq problem we are about to investigate is this : A 
system consisting of n equal straight cylindrical vortices, arranged 
at equal intervals^ round the circumference of a circle, is slightly 
displaced; what is the subsequent motion? WA suppose the 
laclius of a cross section of a vortex to be small compared with the 
distance between two vortices. 

Take as the origin of coordinates the centre of gravity of the 
vortices in their undisturbed position. Let the position of the 
s vortex be determined by the radius vector (r -f say r,, and 
le angle (co^ -f say when r and co^ are the coordinates of the 
position fhe 5 ‘ vortex would occupy if the motion were undisturbed, 
inus, and 6^ will be small quantities. 

Let the strength of each of the vortices be 7 n. 

_ The stream function due to a single vortex of strength m at a 
point whose distance from the vortex is p 
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Thus '<1^, the stream functioti at a point R and ^ due to the n 
vortices, is given by the equation 


-\p' = 


m 


log {r\ + B^~ 2r^R cos -(/))}- 
Ztt 

The velocity along the radius vector 

_ 

Rd^ 


on 


r, sin {(J> - 4>,) 


TT ^ {r/ + jR' - 2r,R cos ((/> - (j),)] ' 

d-yjr 

The velocity perpendicular to the radius vector = — 




jR - r, cos ((f) - (ps)} 


TT ^ {r/ + jR"-2r^itcos (0 - </>,)} ’ 

Now let the point (R, (p) coincide in position with the vortex 
then the velocity along the radius vector 

sin (<^g — 0i) . '^2 ~ 


m 


+... 


r/ + r/-2r,r,cos(^,-^ 

^ (105*). 


The velocity perpendicular to the radius vector 


on 


r, - r, cos ((^, - </)i) 


i ^ 2 ^ + ’’ 3 ^ - cos (c^;- 

In the undisturbed position the vortex 
the radius vector, so that its radial velocity will be a function 
+Lrmiantities 05 and 6 which vanishes when they do, we 
proceed^to find this function. Calling the radial velocity when 
Lpressed as in equation (105*) v, the radial velocity at the s 

vortex , 0 + +... , 

neglecting the squares of the small quantities ^_and 0, and after 
differentiation putting iq = r, - r and 6 ^- . U- 
_ d r ,sm(4)s-^i) 

r/ + r,* - 2 rpq cos (^, - 

2r, sin - <jy,) [r. - cos “ ^i)] _ 
““ {r/ + r,"- 2r^r, cos («;£>, 

and when r, = = r and ^ = 0, this becomes 

sin (ft), - Wi) 


n-r,cos ((^,- ^g) 
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Again 

d r,sin((;6,-0J sin ((;&, - c/)^) 

di\ rf + - 2?\r, cos ((jf), - </)J r/ + cos (0, - 

_ sin - (jij {r^ - r, cos {<p, - (^,)| 
{r/ + r," - 2r,r, cos (</>, ~ (f),)Y 

and when all the r’s are put equal to r, and all the ^’s zero, this 
becomes 

sin (to, - ft),) sin (co, - 1» J 

2r‘^ {1 — cos {co„ — Wj)} 2?^* {1 - cos (co^ — w^)} 


If 'yjr be written for a moment for — <p^, 

d 9q sin cos 

(f-f r/ + r/ - 2rjr, cos t/t ~ (r^^+r/— cos ’f) 

_ 2r’,V, sin'^ -yfr 

(r/+ r/— 2rj^r,cos ’ 

when rj = r, = r and -vjlr = ~ <y^, this becomes 


2r {1 — cos (ty, —wj} ’ 

hence the velocity along the radius vector of the vortex 
m f d—0^ Q —B ) 

“ 27rr |l - cos (®, ~ coj 1, -" cos (cy/- coj +•••}**• 


The coefficient oi vanishes, because it is evidently propor- 
tional to the expression for the velocity along the radius vector in 
the undisturbed motion, which we know vanishes. 

The raidial velocity of the s**' vortex also = : therefore 

dt 


dx^ m { $ — 0^ 


+ 


cos ((y„ ■ 


cy« 


+...k..(107). 


dt 27rr — cos (cy^ — J ‘1 

We proceed to find the expression for the velocity perpendicular to 
the radius vector. 


Now 

d cos(<^,-(;6,) 1_ 

— 2r^r;cos r/ + — 2r^r, cos 

2 (r, - r, cos (0, - . 

[r;^ + r/ - 2r/, cos {cj), - ’ 

when r^ = r =r, and — co^, = (o^, this becomes 
1 cos(&)^-cy,) 

2r^ 1 — cos (ft), — ft) J ’ 
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{r,-r,cos cos 

dr^ + r/ - '2>r^r^ cos + r/ - 2r^r, cos (c^, - 

_ 2 {n - cos ((^, - (^,)} {r, - r, cos (<^, - (f>^) ] 
{r/ + r/ - 2r,r. cos (<^, - </>,)}" ’ 

when = r, = r, &c., this becomes 

__1 

2r“ {1 — cos (cUj tu^) } ' 

Writing as before for <jf), — 4>p 

d cos t/t o\ sin ^{r 

d^ rl + r/ — 2rjr, cos ~ + r/ — cos 

2r^r, sin (r^ — r, cos ■xfr) 
(r/ + — 2r^r, cos ’ 

and when r^ = rg = r, &c. this vanishes. 

Thus the increment in the velocity perpendicular to the 
radius vector 

m { __ ( cos (to, - to J , cos (&>, - Wg) , \ 

"7^ T, ■{— OS. \ ^ , n ’ t ”-! /_ . \ I 


(108). 


27rr'‘‘ I VI — cos (to, — coj 1 - cos (to, — cuj 
, ^x_ ; 

1 — cos (o), — COj) 1 — cos (o), — .(Bg) J 


But if XI be the angular velocity of revolution of the system when 
the motion is steady, the increment in the velocity perpendicular 
dd 

to the radius vector = r Hh !r,X2. Now 

I-* 


hence - • 

rdd,_ m f r cos (to, -CO,) cos (to, -to,) _ jn 

dt 27 rr^| *[_1 — cos (to,— coj) 1 — cos (to,— tOg) 

1 ^1 I ^2 : 

1 — cos (to, — to J 1 — cos (to, — tOg) J 
Now we can prove by Trigonometry that 
cos (to, — co^) cos (to, — cOg) ^ _ (n — 1) (n — 5) 

1 — cos (to, — COj) 1 — cos (to, - COg) 6 

Substituting this value, we find 

rdd^ m ( os,{n — l)(w.— 11 ) 

~df ~ ~ 2'n-r‘^ \ 6 ' 1 - cos (to, - to J 


(109). 


..( 110 ). 


1 — cos (to, — to J 


1 — cos (to,— COg) 

PROPERTY OF ^ 

CARNEGIE INSTITU11 OF TECH^OLOSY 
UBRARY 
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We have also 

and since is constant, 

\ +' • -'^n — C>- 

These equations and equation (107) will enahlo uh tn stdvts 
the problem we are considering. 

Let us apply them to the various casoB in succoBBioii. 


Three Vortices. 


§ 49. The three vortices were originally placed at tlu; angular 
points of an equilateral triangle, hence 

to, - co^ = 120^ 

therefore by equation (107), 


dx^ _ m ^ 0^ — 0^ + 


and 

therefore 

similarly 


dt 2'jrr \ | 

01 + 02 + 


»). 


dx^ Q 


0. 


dt Trr 

dt 'Trr 
dxg _ m ^ 
dt Trr ® 

By equation (111), we have 

rd0 m f , 
dt ~ . 

®i + ®, + *a = 0, 

rd0^ m 


x„ . a;, 


or since 


similarly 


hence 


2 _ 


Trr 

m 


,2 ^1 


nrr 


Y«^2 


dt 

rd0. 

dt 

r^3 

dt 




m 

“ 2^8 

Trr ® 


,(118), 
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therefore 


A sin f t + a) and rd^ = A cos 

\7rr ' 


m 

irr^ 


t + a 


with similar expressions for and x^, r6^ and t6^. 

Thus the motion in this case is stable, and the time of a 

small oscillation = the same as the period of rotation of the 

m 

undisturbed system. 


Four Vortices. 

§ 50. Let us suppose that the four vortices are initially at the 
angular points of a square. 

Our equations in this case are . ■ 

dX^ ^ — ^2 ^1 ~~ ^3 ^ . 


dt 


or since 


1 ■ 2 ' 1 
+ ^2 + ^3 “h ^4 ” 


dx^ 

m 

dt 

47rr 

dx^ 

m 

dt 

47rr 

dx^ 

m 

dt 

~ ^rrr 

dx^ 

m 

dt 

47rr 




Equation (111) gives 


therefore 

similarly 




(Sai^ - 
{^x^ - x^) 


rdd^_ 

m 

dt 


rdO^ _ 

m 

dt 

47rr’'‘ 

rdO^ _ 

m 

dt 

4i7rr'‘‘ 

rdd. 

m 

"dt “ 



Thus 


^ («^i + ^ (^1 + ^3). 


.(114). 


.(115). 


dt 
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and 

hence 


dj^ , , . 2m® , . .. 

^2 + «a) + ^ + '^a) = 0 ; 


( 7)1 \ 

”2 ^/2t + /3j . 

Similarly we may prove 

d® . . 97?^® > 

^2 («^x - ^a) + 4^4 («i ~ = 0 ; 

therefore x^~x^ = 2 A' cos if + 7 ) J 

therefore 

a!^ = A cos + /3) + cos (J^, t + 7 

£Bg = J. cos + cos i + 7 

with corresponding expressions for and x^, and 

(:^ V 2* + ^) - ^'sin (1^, < + 7 ). . ..(117), 
with similar expressions for 6^, 6^, 0^. 

These equations shew that the motion is stable, and that the 

• . • 27r®r’® 4!7r®?'“® 

periods of the vibration are — 7 ^ and, — . Both of these 
^ mV2 3m 

periods are smaller than the period for three vortices. 


(116), 


Five Vortices. 


§ 51. Let us suppose that the five vortices are initially at the 
angular points of a regular pentagon. 

Then by equation (107), we have 


^ __m / 
dt 2irr \1 ~ cos |7r 


+ ■ 


0.-0. 


+ ■ 


0 .- 0 . 


1 ~ cos fTT ‘ 1 — cos |7r 
Now we can prove by Trigonometry that 

1 


+ 


1 - cos fTT, 


COS 


27r 

n 


+ 


■cos 


^TT 




Ql 


1 — cos 


2 - 1) TT 6 


n 


hence 



1- 

and 


dx^ 

dt 

m 1 
27rr|' 

or if 
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;i(H 


• = 4., 


1 _ COSfTT 1 - COSfTT 1 - COSfTr 1 - COSfTT 


a = 4 + 


25 -VS 


1 — cos fTT 


b = 


l-COSfTT l-COSfTT 

. , - j, div^ dx, n 

with, symmetrical expressions lor , osc. 


A 

VS’ 


By equation (111), 

^ HL. fte +- 

dt" 2«-*r ‘ 1 


+ : 


m 


COSfTT l-COSfTT 

1 


■ ^4 1 ] 

■^1 - COSFTT 1 - COS Itt/ 


27rr 


, 8)1 


or if 



1 — COSfTT 1— COSfTr/j’ 


dt 27rr® 


15 + V5 

1 — COS -Itt S 

{cx^ - h {x-^ + X,)]. 


Hence 
d^x 


i 


m 


-f (ac - 6^) + + %) {bo - a& + S")} . • - • • 


IttV 

say ^ = - + (*= + *.))■ 

with symmetrical expressions for x^, x^, &c. 

If x^, x^... vary as the equation to determine X is 

l' + X\ h' 0 , 0 , h' 

h' , a' + X\ V , 0 . ^ 

0 , V , ^ 

0 , 0, 6' + 

h' 0,0, 6' , V + V 


0 . 
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Now this determinant is of the form 


a, , 

a^, . 

...a„ 


• 


Cf'n-V 

C^n) ' 


«2 > 

a^, 

...a^ 


which equals 

(a^ + ^2 + . . . + a„) n («! + a^cd + ^), 

where cw is one of the roots of the equation a;” - 1 = 0, unity being 
excepted (Scott’s Treatise on .Determinants, p. 82). 

Thus, if 1, CO, co^ co\ 0 )" are the fifth roots of unity, the deter- 
minant we are concerned with splits up into 


(a' + V + 2&') (a + V col) + co%') {a! + V -t- 

X (a' + V -h co%' -h co^^V) {a' + V + co%' + co^%') 

= (a! + \" -h 2&') {a! -\-\^ + h'(co+ w')]® [a' + V + &' (w® + «') T- • 

Now .... won 

CO =cos|7^-l-^sinf7^ = cos72*’^-^sm72^ 

o)® = cos ^TT -1- i sin Itt = cos 144° + i sin 144", 
w® = cos | 7 r -1- i sin f-TT = cos 144" - i sin 144°, 
co^ = cos fTT + i sin fvr = cos 72" — i sin 72". 

Thus the equation to determine V becomes 
(a! + X® + 26') [a - 1 - X'* + 2 cos 72"6')X«' + V -1- 2 cos 144"6')=^ = 0. 

It can be proved in exactly the same way as in the corre- 
sponding case of a material system (Thomson and Natural 

hilosophy, § 343. m), that equal roots will not 
the form te^^ into the solution. Thus the sole condition of stability 
is, that the values of X'* should all be negative. 


The values of X^ are 


a = 


m 

47r®r^ 

on^ 


(a' + 26') 

(of + 2 cos 72"6') 

(a' + 2 cos 144"6'), 

2(35 + V5) 
47rV 5 
nf 1 


(ac — 6^) 




where 
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therefore the values of are 


/ 35 + yS 
27rV \ 5 


+ 


4 Vo 


m 


/35 + V5 , V5 


27rV" 

27r®r' 


)=■ 

')= 


OT 

27rV 

2 ^ 


(7 + V^) 


(' 

/35 + V3_(1±?^)'\=-^ 
V S V5 / 


Thus all the yalues of V are negatire, and the periods of 


vibration are 




47rV' 


m sf (14 + 2 Vo) 

m * 

27rV^ 


mj^ 


Six Vortices. 

§ 52. let us suppose then'usmg tlw s™® notation 

angular points of a regular hexagon, then, using 

as before, we have by equation (107) 

-Afro+TTr^^^l^^l-coslSO" 

dt 27rrtl-cos60 1-cosl^u 

r=cos^° l^^^eosW0'’J ’ 

^ == {J# - I (^2 + 06 )+ (118)* 

dt 27rr 

Again, by equation (111)? 


or since 


dt 


since 




^ I 120« + 1 - cos 180« 


Xs. 




^5 I • V 

. + 1 -cos 300“) ’ 

x^ + x^ + x^ + Xi + x^ + 0, 


rdd 


dt 


1 ^ ^ i a^4) (119)- 


m 

W 
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By means of equations (118) and,(119X we get 


Say 


^ fit' 

df (^Airry + ¥ K + ^c) + ■ 

_ , 

+/5 (a?2 + +7«J (120), 


with similar equations for ££?g ... 


oo„. 


Thus if vary as e« the equation to determine A, is 

’^+“' ^ . 0,7.0 

0 , .e , V + a, ;3 , 0 , y 

^ j ^ + a, /3 j 0 

0 ’ T . 0 , 13 , X‘ + o:, /3 

^ ° , 0 , /9 , X“+a 


= 0. 


Tf 1 2 3 4 fi 

splits up into tCfeto “V, this equation 

2 I .. . nn . 


A,® + a + 2^ 4- 7, 

V + a + 0) ^ -f co®7 -(_ co^iS, 
+ a + + a)°7 + co% 

+ a + a)®/3 + co®7 + cy®yg, 
^ + a + 0)^/5 + • 74- co^JSf 
^ + fl£ 4“ 4" tu®7 03 


■ /w j w Y yLj, 

^ ””■(«+ 2yS + 7) = 


and so are 




(«+ /9~7) = 

^' = ~(«-- /5 + 7) = 
^'=-(a-2/9-7) = _- 


mr 

(27rr^)' 

7R^ 

(27rr‘'*)^ 
m 


32 


25 


.( 121 ) 


(27rr^) 




m 


(27rr‘)® 


roots do not affect^h^stahihty ^so S^the®' 

tlie times of oscillations are stable, 
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Seven Vortices. 

§ 53. Let us suppose that the Tortices are arranged at equal 
intervals round the circumference of a circle, then using the same 
notation as before, we have, by equation (107), 

dx^_ m f e,-e, ^ e^-e^ ^ e,-e, 

dt 27rr 1 1 — cos -Itt 1 — cos iir 1 — cos ^tt 


or since 
and 


1— COSfTT 1— COSJ^TT 1— COS-^^Tt]’ 

d, + 6 ^ + 6 ^+.. . 0 ^ = 0 , 


4 - 


l-cosf,r ' (see equation 110), 

1 -cosf7r)^‘'''(l - cos f it ” 1 - 003 |-7r) + 


+ 


COS fTT 


1 — COS f-Tr, 




+ /3 (^2 + ^ 7 ) + 7 (^3 + de) (1 22), 

with similar equations for ajg... 

Again, by equation ( 111 ), 

d 9 , m ( . , X, 

dt 27rr \ ^ 1 -r- cos f-TT 1 — cos f tt 1 — cos f tt 

+ ^ + Ez ] 

1 — cos f TT 1 ~ cos JijP-TT 1 - cos -^TT/ ’ 

or since x^ + x^ + Xg+ ... x.j = 0, 

? E .- 1/" 4 ^ A a; ( ^ ^ ^ Va; q-a?) 

dt 2irV\v l-cosf 7 r; ^ Vl-cosf 7 r 1 - cos f tt^ ^ 

(l — cos fTT 1 — COS f tt) ^^3 + ^a)| > 

d0 

^ (^2 + 00,) + 7 («^8 + «^a)} • • • (123), 
with similar equations for 0^,,. 

By means of equations (122) and (123), we get 

+/(«?, + X,) + g{x^ + x^], 
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Q — CCX ' 2^^ -f- 2ySiy — 
y = /9 (a a) + y, 

g = 2/Sfy + 7 ^ — /3^ + y (ct — a), 
with similar equations for 



f , 

9 , 

/ . 

A-® + e, 

/ , 

9 , 

/ , 


0 , 

9 > 

/ , 

0 , 

0 , 

17 , 

9 ) 

0 , 

0 , 

/ > 

9 I 

0 , 

1, w, 

G)®, G)® 

, G)", ft,® 


> 0 , 

0 , 

9 , 

/ 


’ 9 , 

0 , 

0 , 

9 


’ f > 

9 , 

0 , 

0 


, A.® + 0, 

f . 

9 , 

0 

= 0. 

^ / 

X®+e, 

/ , 

9 


) 9 , 

/ , 

X®+0, 

f 


, 0 , 

9 , 

f , 

X®+0 



X-" + e + 2/+2^, 

+ e +/ (ft, + ftjOj _j. ^ (^2 _j_ 

+ e +/(&,^ + ft ,®) ( ft ,^ + ( y 3 ^| 2 ^ 

{A,^ + e +f (ft)® + G)^) + ^ (ft)® + ft,) j“. 

We proceed to calculate the numerical values of the roots 


a = 8'52606 

/S = - 2130 

7=- -29192 


m 

2rrr' 

m 

%irr ’ 
m 


27rr ' 

a= 3-47394 ’^^ 


/= 




21-70367 

10-84621 

1-73332 


i^TTry ' 

m® 

m® 

(27rr®)® ’ 


27rr ‘ 

Now one value of X® is 

- (0 + 2 cos fTT ./+ 2 cos fw . y . 

If we substitute the values of e,/, g, we shall find that this 
= '002 


m 


(27rr®)® • 

Thus one root of the equation- in X® is positive therefore the 

SsrnZberTf“^ ‘he 

j^reatest number of vortices which can be arranged at eoual 
intervals round the circumference of the circle. ^ 
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§ 54. Sir William Thomson mentions this subject in a_ paper 
in Nature, vol. xviil. p. 13 ; in connection with some experiments 
made by Mr A. M. Mayer. Mr Mayer investigated experimentally 
the stability of various configurations of long thin magnets 
fl.oatino’ in water, and subject to the attraction of an independen^t 
fixed magnet. Sir William Thomson in the paper just mentioned, 
points out that if any configuration of the floating magnets form a 
system in stable equilibrium, the same configuration of straight 
columnar vortices will form a system whose steady motion is 
stable. Mr Mayer in his paper {Nature, vol. XYili. p. 258) states 
that he finds the equilibrium to be stable when the floating 
magnets are arranged at the angular points of an_ equila era 
triangle, a square, or a regular pentagon; but unstable lor t e 
hexagon and all polygons with a larger number of sides, ims 
would show that the steady motion is stable for three, four, and 
five straight columnar vortices arranged at equal intervals round 
the circumference of a circle, which agrees with what we have 
just proved, while we have proved in addition that the^ steady 
motion of six equal vortices arranged in the same \ya,y is stable, or 
that seven is the smallest number of vortices which makes this 
way of arranging them unstable. 


S 55. To sum up the results of this section; we began by 
finding the motion of two vortex rings which are approximately 
circular, and which are linked through each other any number 
of times; we proved that the motion was stable when the distance 
between the rings was small compared with their apertures, 
and found the times of oscillation ; we found that for e_^h dis- 
placement there are two periods of vibration, a quick vibration, 
whose period is 


27r 


m + w 


mm 


7 ~ “ 

m + 171 4!7ra 


and a slow one, whose period is 

27r(X 


nsJ{n^-l)V’ 

where n is the order of the displacement and F the velocity 
of translation of the rings. We next proved that if the vortex 
rings are of equal strength, the condition for the possibihty of 
motion of the hind we are considering, is that the resutat 

moment of momentum should be small compared with j , 

where I is what Sir William Thomson calls the force resultant 
of the impulse, and m is the strength of the vortex. 
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thiLlrtiroftto unequal strengths, we proved 

of momentum must W n ^ resultant moment 

Tburs Fold’s we rnthrnot 

a'way th’at they°all liron'Sp*™f‘’‘^ T”‘* 

arranged in such a way that thoIrtXl HneT* “vort^f c“e o”? 

a regular pX'voTiifed’ir Points of 

found the times of vSlr, *' <=™u*“ transverse section. We 

that the motion is unstable if se< proved' 

in this way uustable if seven or more vortices are arranged 


PAKT IV. 


THE YOKTEX ATOM THEORY OF GASES. 

§ 56. Ih this part we shall consider the application to the. 
vortex atom theory of the results we have obtained in the pre- 
ceding pages. The expression we obtained in Part II. for the 
action of one vortex on another, would enable us to work out 
a dynamical theory of gases ; to do this, however, would make 
the present essay too long, .and it must form the subject of a 
future paper. There are, however, some results which can he, 
obtained with very little additional calculation, and it is these 
results we shall consider in the following discussion. 

The pressure of a gas is one of the first things a kinetic theory 
of gases has to explain. Sir William Thomson gives the following 
explanation of the pressure of a gas on the vortex atom theory 
{Nature, vol. xxiv. p. 47). 

“When a vortex ring is approaching a plane, large in com- 
parison with the dimensions of the ring, the total pressure over 
the surface is nil. When a ring approaches such a surface it 
begins to expand, so that if we consider a finite portion of the 
surface, the total pressure upon it due to the ring will have 
a finite value when the ring is close enough. In a closed 
cylinder, any vortex ring approaching the plane end will expand 
out along the surface, losing in speed as it so does, until it reaches 
the cylindrical boundary, along which it will crawl back on re- 
bounding to the other end of the cylinder. As it approaches, 
it will therefore exert upon the plane surface a definite outward 
pressure whose time integral is equal to the original momentum of 
the vortex, and a precisely equal pressure as it leaves the surface. 
Hence, in the case of myriads of vortex rings bombarding such a 
plane surface, though no .individual vortex ring leaves the surface 
immediately after collision, for every vortex ring that gets en- 
tangled in the condensed layer of drawn-out vortex rings another 
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will get free, so that in the statistics of vortex impacts, the 
pressure exerted by a gas composed of vortex atoms is exactly the 
same as is given by the ordinary kinetic theory which regards the 
atoms as hard elastic particles.” 

Hence we see that just as in the ordinary solid particle theory 
of gases 

where is the pressure, I the momentum of a vortex ring and F 
its velocity, the summation being taken for all the molecules in a 
unit of volume of the gas, hence if v be the volume of the gas 

|e; = |S(3F), 

where the summation is now taken for all the molecules of 
the gas 

But by equation (9), 

- Ip jj{u^ + p'ds, . 
where T is the kinetic energy, f, g, h the coordinates of the 
^ vortex ring, ^ the oa, y, z components 

ot^ the momentum of the ring, p' the perpendicular from the 
origin on the tangent plane to the surface containing the 
vortex rings. To apply this formula to gases we must calculate 

the value of the quantity % + g q. Ji „ j for any two 

vortex rings say vortex (I) and vortex (II). Take the centre 
ot vortex (I) as the origin of coordinates, the vortex (I) will 
contribute nothing to_ the term since for it /, g, h are all zero, 
and II a be the radius of vortex (II) I, m, n the direction 

cosines of its direction of motion, then ^ f + a ^ + 7? -? 

p V dt ^ dt- dt 

lor the two vortices 


= ]2 (/i+^m + An) ^ + a ( ^ 4- A 


.<U 

dt 


dm 

dt 


dn 

dt 


If H be the velocity potential due to vortex (I), then if we 

substitute the values of given in the equations 

(79) and (80), we find that the expression we are considering 

= -2mnAa»(/^ + ^|4A|) 

/T\ ^ distance between the centres of the vortex rings 

(i) and (II) and S the velocity perpendicular to the plane of 
vortex (II) due to vortex (I), this ^ 

a o .d^ 

= — zmrrpa r ^ . 


fjd d d 


dx^'^-dy 
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If e be the angle between the directions of motion of the 
vortices, and 6, & the angles their directions of motion m^lce 
with the line joining their centres, we may easily prove that 
this term 

if on' be the strength and d the radius of vortex (I), and we see 
that the sum of all these terms if the vortices are not very 
unevenly distributed is positive, and tends to become zero. 

In this investigation we have supposed that the rnolecules 
of the gas are monatomic. When the molecules are diatomic 
this investigation applies to that part of the term 

^\f dt) 

whioli arises from the action of one molecule on another, there will 
however he another part due to the action of the two atoms m a 
molecule on each other. To calculate this part let us for the sake 
of simplicity suppose that the planes of the two vortex nng atoms 
are parallel to each other and perpendicular to the Ime joining the 
centres of the vortex rings. 

Take the centre of one of the vorto rings, say the one in the 
rear as the origin of coordinates, and the plane of this "“S ^ 
plane of then for the ring in the rear/=g = J = 0, for the ring 
m front /=o = 0 , A = d'; 5|J = 0, Cl = 0, if a he the 

radius of the "ring in front, d' the distance between the planes of the 
rings, and w the strength of either ring. 

The maximum value — ^irpma . ^ 

(S 87) where d is the shortest distance between the central lines 
of the vortex cores of the two vortex rings. Since 
compared with a it will remain very approximately constant 61) , 
hence the greatest value of d' is d, hence 4ipon a is the maximum 

value of 


but 3F' is of the form pmVlog^ where « is the radius of the 

cross section of the vortex core, and log ^ is very great, so that 
the part of the term 


11 ; 
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• Itit- fi, th,. thf two aluHLs in a molecule, is positive but 

v,ihKl,in.!;l,v Miuill (■M,,,],.-,.-,..! wi(.ii ijr, Tims in ii gas vbm 

niub-t-ulfH mv evenly ills! rihiiltHl we have 

:i - 0 r' ^ .! y’“ IpJJOf" -t- e" + 1(f) ]/dS; 
wle ie P I S the .leiiafy ..r the lliii.I Ihrinin^^ the vortex rinm and is 

I I" ul (I,,, gas Hincx, tl.c anrihco is at 

.- .I II,,- „t 111,. ||,,„| with it will 1)0 .small; thus 

I,.- : .-,-..i„l l,-n„ „„ 1 1,,, riglii. |„u„l will ho .small, if wc neglect this 

term We h.'ive 


J hi i i,'» IleyleH law, while if we take into account the 

tel'lii. 

i>v ■ 1 ' + uf)p (Iti ; 

heije.- in a Hffie h':« thui! tile vulue eivi-n hj Bojlc’s law, wllicll 
ayirea with tie* je. iilf:, uf IveeniuiliH exiierinicnts ; thus the vortex 
aimti t heMfv e\|j!a.i!i*i the devnitiun (d’^eise.s from Boyle’s law. In 
111 ! , re {.ref it rMiui.are.r faveunihly with the ordinary theories, for 
it tte- aeainie file iiiMleeulefi tu lie (dastio sphercH wc cannot explain 
any deviafiMn fn.in Bnyle's law, wlule if we aHSumo that the atoms 
O pel Mtie anefher with ;i luive varyin*,^ inversely as the fifth power 
• 4 ft#e iliafunee. the ileviatien oiielit to Ik) tho other way, i.e,. pv 
MHyhi tu !te erealer than the value i^dven hy Boyle’s law, which is 
e..nfriny !■.. the e:\jierimental re.sults. 

§ 47. Aceerdine t" the vertex al.om tlufory a.s the temperature 
ii»e. and the energy inerr*a.se.s, the mean radius of the vortex 
lOiei wjI! inereme, hut when the radius of a vortex ring is in- 
rreaiied ifn velueity is diminished, and thus tho mean velocity 
ef the tiieleeu!e.s de(Tea:*e.a fis the t.emperature increases; thus 
tf dilfrrM f>ein the eidiiiary kinetic theory where the mean ve- 
iMrtfy iind the tnuperal ure increase together. It ought to be 
iJiitaile'd, hewever, that llmiigh in the vortex atom theory the 
mean vehicify decreases as the lennuTfitnre increases, yet the 
Incan nceiientuni increases with the tem|ierature. 

1'he .liliVreiicc het ween the clfccts |iroduecd hy a rise in tem- 
jierafiiie en the mean vi*Iocity of the molecvdes will probably 
tiirnidi a crucial c.\{ici’iiuciit 'liciwccn the vortex atom theory 
niid the erdiimry kiiictie ihenry of gase-s, sinco all the laws 
r..!tne.fim4 the |»licueimcna, nf dilfu.sion with tho temperature 
ran haidh he the ‘snae fer the two thcorie.s. In fact, if 
Wi- aceepf- Maxweil's reusojiiiig {dimit tlie phenomenon called 
• fhi rnial etrirdMii;' wc can see at once an experiment which 
wmii!i} deci.lr hrfwccn flic t we theories. Tim phenomenon is this, 
if we have a pereiiH diaphragm immersed in a gas, and the gas 
;if the f\\e fddc.H ef file diaphragm at dilfi.Tcnt temperatures, then 
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when things have got into a steady state the pressures on the 
two sides of the diaphragm will be different, and Maxwell, in 
his paper “On Stresses in Rarified Gases, Phil. Trans. 1879, 
Part I, p. 265, gives the following reasoning to prove that, accord- 
ing to the ordinary theory of gases, the pressures on the two 
sides are proportional to the square root of the absolute tempoT 
ratures of the sides. He says, “When the diameter of the hole 
and the thickness of the plate are both small compared with the 
length of the free path of the molecule, then, as Sir Wilham 
Thomson has shown, any molecule which comes up to the hole on 
either side will be in very little danger of encountering another 
molecule before it has got fairly through to the other side. 

“Hence, the flow of gas in either direction through the hole 
will take place very nearly in the same manner as if there had 
been a vacuum on the other side of the hole, and this whether the 
gas on the other side of the hole is of the same or of a different 
kind. 

“If the gas on the two sides of the plate is of the sam 
but at different temperatures, a phenomenon will take 
which we may call thermal effusion. The velocity of th 
cules is. proportional to the square root of the absc''”^'='+°’^’' 
and the quantity which passes out through the 
to this velocity and to the density. Hence, oi 

product of the density into the square root ui . wc UC5 111 jJ O J. U U. J. O 
is greatest, more molecules will pass from that side than from the 
other through the hole, and this will go on till this product is 
equal on both sides of the hole. Hence the condition of equi- 
librium is that the density must be inversely as the square root of 
the temperature, and since the pressure is as the product of the 
density into the temperature, the pressure will be directly pro- 
portional to the square root of the absolute temperature.” 

If we were to apply the same reasoning to the vortex atom 
theory, we should no longer have the velocity proportional to the 
square root of the absolute temperature, but to some inverse 
power of it, and the above reasoning would shew that if p and ff 
be the pressures, t and t' the temperatures on the two sides of the 
plate, plp={tlt'r where w is a quantity greater than unity. 
Thus accurate investigations of the phenomenon of thermal 
effusion would enable us to decide between the vortex^ atom 
and the ordinary kinetic theory of gases. These experiments 
would, however, be difl&cult to make accurately, as we should have 
to work with such low pressures to get the mean path of the 
molecules long enough that the pressure of the mercury vapour in 
the air pump used to rarify the gas might be supposed sensibly to 
affect the results. In the theoretical investigation, too, the effects 
of the bounding surface in modifying the motion of the gas seem to, 
T. 8 
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have scarcely been taken sufficiently into account to make the ex- 
periment the crucial test of a theory; and it is probable that the 
theory of the diffusion and viscosity of gases worked out from the 
laws of action of two vortex rings on each other given in Part II of 
this essay would lead to results which would decide more easily 
and more clearly between the two theories. 

The preceding reasoning liolds only for a monatomic gas which 
can only increase its energy by increasing tlie mean radius of its 
vortex atoms ; if however the gas be diatomic the energy will be 
increased if the shortest distance between the central lines of the 
vortex cores of the two atoms be diminished, and if the radius of 
the vortex atom is unaltered the velocity of translation of the mole- 
cule will be increased as well as the energy ; thus for a diatomic 
molecule we cannot say that an increase in the energy or a rise in 
the temperature of the gas would necessarily be accompanied by a 
diminution in the mean velocity of its molecules. 

§ 58. We shall now go on to apply some of the foregoing 
results to the case of chemical combination; in the folio win o- 
remarks we must be understood to refer only to bodies in the 
gaseous state. When two_ vortex rings of equal strength, with (as 
we shall suppose for simplicity) their planes approximately parallel 
to each other and approximately perpendicular to the line joiniDg 
their centres, are moving in the same direction, and the circum- 
stances are such that the hinder ring overtakes the one in front, 
then if, when it overtakes it, the shortest distance between the 
circular lines of vortex core of the rings be small compared with the 
radius of either ring, the rings will not separate, the shortest 
distance between their central lines of vortex core w ill remain ap- 
proximately constant, and these central lines of vortex core will 
rotate round another circle midway between them, while this 
circle moves forward with a velocity of translation which is small 
compared with the linear velocity of the vortex rings round it. 
We may suppose that the union or pairing in this way of two 
vortex rings of different kinds is what takes place when two 
elements of which these vortex rings are atoms combine chemically; 

i ■vortex rings are of the same kind, this process is 

wnat occurs when the atoms combine to form molecules. If two 
vortex rings paired in the way we have described are subjected to 
any disturbing influence, such as the action due to other vortex 
ri^s in their neighbourhood, their radii will be changed by 
different amounts; thus their velocities of translation will become 
different, and they will separate. We are thus led to take the 
chemical combination put forward by Clausius and 
Williamson, according to which the molecules of a compound gas 
are supposed not to always consist of the same atoms of the 
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elementary gases, but that these atoms are continually changing 
partners. In order, however, that the compound gas should 
be something more than a mechanical mixture of the elementary 
gases of which it is composed, it is evidently necessary that the 
mean time during which an atom is paired with another of a 
different kind, which we shall call the paired time, should be large 
compared with the time during which it is alone and free from 
other atoms, which we shall call the free time. If we suppose 
that the gas is subjected to any disturbance, then this will have the 
effect of breaking up the molecules of the compound gas^ sooner 
than would otherwise be the case. It will thus diminish the 
ratio of the paired to the free time ; and if the disturbance be 
great enough, the value of this ratio will be so much reduced that 
the substance will no longer exhibit the properties of a che- 
mical compound, but those of its constituent elements.: we should 
thus have the phenomenon of dissociation or decomposition. 

We know that when two elements combine a large amount of 
heat is in many cases given out. We have proved in § (56) that 
for two vortex rings in the position of the vortex atoms of a mole- 
cule of a chemical compound X + 9 positive ; 

when the vortex rings are separated by a distance very great com- 
pared with the radius of either this quantity vanishes : thus we see 
from equation (9) that X3W is increased by the combination ot 
the atoms so that this would explain the evolution of a certain 
amount of heat. I do not think however that this cause would 
account for the enormous quantities of heat gmierated in some 
cases of chemical combination, for even these large as they are 
seem only to be the differences between quantities much greater 
than themselves. Thus for example the heat given out when hy- 
drogen and chlorine combine to form hydrochloric acid is the 
difference between the heat given out when the atoms of hydrogen 
combine with the atoms of chlorine to form hydrochloric acid and 
the heat required to split up the hydrogen and chlorine molecules 
into their atoms. The determinations by Prof. E. Wiedemann ot 
the heat given out when hydrogen atoms combine to form mole- 
cules, and by Prof. Thomson of the same quantity for carbon atoms 
seem to shew that these quantities are much greater than the 
quantities of heat given out in ordinary chemical, combinations, ^and 
thus that these latter quantities are the ' differences of quantities 
much greater than themselves. 

Whatever be the reason, the pairing of two atoms, whether 
of the same or different kinds, is attended by a large increase in the 
translatory energy. The vortex atoms however do not remain con- 
tinually paired, and two atoms will only contribute to the increase 
in the translatory energy whilst they are paired and not when 
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they are free, thus the whole increase in the translatory onerctv 
of a large number of molecules will depenJ not onl/nn tFio 
amount of the increase contributed by any two atoms when they 
pair but also on the time they remain together, and will tlina de- 
tIo paired to the free times for the sub.stancc. 

oi' the paired to the free time plays also a very impor- 
tant part in determining whether chemical combination sliall take 

proportion between 

he amounts of the various compounds formed when more com- 

o-reat elementary gas will have a very 

of tfp frpfi chemical properties of the gas : thus if the ratio 
c^mnE the paired times for the atoms of the gas bo very 

o-ases for it wilT^ combination with other 

the free ^ only do so to any great extent when the ratio of 

atoms in compound is less than for the 

atoms 111 the molecule of the elementary gas, hut if the lattcm 

he very srnall there is less likelihood of the^ratio fm the aimpcmml 

smallTr^thf T that this ratio would he veiy 

Tadilv wHt p nitrogen which does not combine 

readily with other gases. The value of the ratio would afford 

coinpoimd 7 oTTatr^+r^® \ affinity of the constituents of a 
miffht affect tS ^ conceivable that this ratio 

in fbo P7? r properties of a gas, and in a na-ner 

difference 

shorte™ dllne'Xe'L^ToeSflLerol' t¥ 

remain toge Cr their raS ^ rings are to 

approach etch other nod “'‘V «iey 

is evident howev^Xt for become nearly coincident : it 

before they pair must lie wfthXcertS Kmits™‘d'h°^ ""®r 

the temSX must X” “.^* 00 “ certain limitn 

temperature is between certain KmXX to'*®’ thus unless the 
long together after thev rr • i Pipits the atoms would not remain 
not^aktopkee tLs ?u combination would 

bination could only occur indicate that chemical com- 

and this seems to te the L\*n to “to temperature, 

chemical combination. ^ of 
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The following reasoning will explain how it is that the com- 
pound after it is formed can exist at temperatures at which the 
elements of which it is composed could not combine. When the 
elements have once combined the molecules of the compound will 
settle down so that the radii of their vortex atoms will be distri- 
buted according to a definite law, and a large proportion of the 
vortex atoms will have their radii between comparatively narrow 
limits, just as in the ordinary theory of gases Maxwell’s law gives 
the distribution of velocity. Now suppose that a molecule of 
a compound of the elements A and B is subjected to any disturb- 
ance tending to change the radii of the atoms ; though the differ- 
ence in the changes in the radii may be sufficient to cause the 
atoms to separate, yet since the atoms were close together when 
they were disturbed the difference in the changes must be small, 
and since the motion is reversible the atom A would only have to 
suffer a slight change to be able to combine again with a vortex 
ring like B, or it could combine at once with a vortex ring differing 
only slightly in radius from B ; thus A will have plenty of chances 
of recombination with the B atoms and will be in a totally different 
position with regard to them from that in which it would have 
been if it had not previously been in combination with a B atom. 

Let us now suppose that two vortex rings of approximately 
equal radius but of different strengths come close together in such 
a way that their planes are approximately parallel and perpen- 
dicular to the line joining their centres, then we can see, as in the 
analogous case of linked vortices, that the motion will be of the 
following kind. Let m and m' be the strengths of the two vortices, 
a the mean radius of either, and d the shortest distance between 
their central lines, e and e the radii of the cross sections of the two 
vortex rings. If we imagine a circle between the central lines of 
the two vortex rings dividing the distance between the vortices in- 
versely as the strengths of the vortices, the two vortex rings will 
rotate round this circle with an angular velocity m 4- m'/ dvr® remaining 
at an approximately constant distance d apart, _ while the circle 
itself will move with a comparatively slow motion of translation 
perpendicular to its own plane. 
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Now if the two vortices are to remain together, their mean 
velocities must be equal ; therefore 


m , 8a , m , 8a 

^ — log h - — log : 

27ra ^ e ^Tra ^ d 


m , 8a , m , 8a 

log -7- + log -7 . 

27ra ^ e 27ra * d 


Now suppose a and d become, through some external influence, 
a + Sa and d+ 8d, then the change in the mean velocity of the 
vortex of strength m is, if V be the original mean velocity, 

/ F 3?n + 2?a'\ . m Bd 

and if we interchange m and m' in this formula, we shall get the 
change in the mean velocity of the vortex ring whose strength is m'. 
Now if the two vortex rings are to remain together for a time long 
compared with the mean interval between two collisions, in spite 
of all the vicissitudes they will meet with when moving about in 
an enclosure^ containing a great number of moving molecules, the 
rnean velocities of the two vortex rings must always remain equal ; 
thus the changes in the mean velocities of the rings must be equal 
for all values of Ba and Bd^ so that the coefficients of Ba and Bd must 
be equal in the_ two expressions for the changes in the mean 
^locities ; for this to be the case we see that m must equal m'. 
Hence, we conclude that if two vortex rings are to remain for long 
together when subject to disturbing influences, they must be of 
equal strength. We can extend this result to the case when we 
have more than two vortices close together; however many vortices 
there are, if they are to remain together for any considerable time 
they must be of equal strength, 


§ 59. ^ We shall often have occasion to speak of vortex rings 
awanged in the way discussed in § 43, e. so that those portions of 
the central lines of vortex core of the several vortex rings which are 
closest together are always approximately parallel, and so that a 
plane perpendicular to their central lines at any point cuts them in 
the angular points of a regular polygon. We proved in Part III that 
if thn vortices are of equal strengths, and not more than six in 
number, they will be in stable steady motion ; it is not necessary 
for the truth of this proposition that each vortex ring should be 
single ; the proposition will be true if the vortex rings are compo- 
site, provided the distances between their components are small 
compared with the sides of the polygon, at the angular points 
of wmich the vortices are situated, and that the sum of the strengths 
of the components is the same as the strength of the single vortex 
ring, which they are supposed to replace. We shall speak of the 
systems of vortices placed at the angular points of the polygon as 
the primaries, and the component vortex rings of these primaries 
as the second.aries of the system ; and when we speak of a system 
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consisting of three, four, five, or six primaries, we shall suppose, 
unless we expressly state the contrary, that they are arranged in 
the way just described. 

We may imagine the way in which these vortex rings are 
linked through each other by supposing that we take a cylindrical 
rod and describe on its surface a screw with n threads ; let us first 
suppose that there are an exact number of turns of each thread on 
the rod, bend the rod into a circle and join the ends, then each of 
the n threads of the screw will represent the central line of the 
vortex core of one of the n equal linked vortices ; next suppose that 
the threads make mjn turns in the length of the rod where m is 
an integer not divisible by n, then if we bend the rod as before 
and join the ends, the threads of the screw will form an endless 
thread with n loops, and for the present purpose the properties of 
a vortex ring whose core is of this kind will be similar to those of one 
where the n threads are distinct, so that we may suppose the core 
of the vorticity which forms the atom to be arranged, in either of 
these ways, and we shall speak of it as an atom with n links ; thus 
the links may be separate or run one into the other forming an 
endless chain. 

Now let us suppose that the atoms of the different chemical ele- 
ments are made up of vortex rings all of the same strength, but that 
some of these elements consist of only one of these rings, others of 
two of the rings linked together, or else of a continuous curve with 
two loops, others of three, and so on ; but our investigation at the 
end of Part III shews that no element can consist of more than six 
of these rings if they are arranged in the symmetrical way there 
described. 

Then if any of these atoms combine so as to form a permanent 
combination, the strengths of all the primaries in the system 
formed by the combination must be equal. Thus an atom of an 
element may combine with another atom of the same kind to form 
a molecule of the substance consisting of two atoms. Again, three 
of these atoms may combine and form a system consisting of three 
primary elements, but the chance of their doing this is small 
compared with the chance of twm pairing, so that the number of 
systems of this kind will be small compared with the number of 
the systems consisting of only two atoms. We might have systems 
consisting of four atoms, but the number would be small compared 
with the number of systems that consist of three atoms, and 
so on. We could not have a system consisting of more than six 
primaries if arranged in the way supposed, but though this seems 
the most natural way of arranging the atoms, ^ we rhust not be 
understood to assert that this is the only way, and in special cases 
the atoms may be arranged differently, and then we might have 
systems consisting of more than six primaries. Now, suppose that 
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an atom of one element is to combine with an atom of anotlior. 
Suppose to fix our ideas, that the atom consisting of two vortex 
rings linked together is to combine with an atom consisting of one 
vortex ring, then since for stability of connection, the strength of 
all the primaries which form the components of the compound 
system must be equal; the atom consisting of two links must 
unite with molecules containing two atoms of the one with one 
link. If the atoms are made to combine directly, the chance 
that they form the simplest combination is almost infinitely greatcu' 
than the chance of any more complex combination, so that the 
number of the simplest compound systems will be almost in finitely 
greater than the number of any more complex compound systcvni. 
Thus the compound formed will be the simplest combination, 
consisting of one of the atoms, which consist of two vortex ring.s 
linked together, with two of the atoms consisting of only one 
vortex ring. Similarly, if an atom consisting of three vortex rings 
linked together w'ere to combine directly with atoms con,sisting 
of only one vortex ring, the compound formed would con.sist of 
one of the three linked atoms with three of the others, and .so on 
for the combination of atoms formed by any number of vortex 
rings linked together. This suggests, that the atoms of the 
elements called by the chemists monads, dyads, triads, tetrads, 
and so on, consist of one, two, three, four, «&c., vortex rings linked 
together, for then we should know that a dyad could not conibiiuj 
with less than two atoms of a monad to form a stable compound, a 
triad with less than three, and so on, which is just the definition of 
the terms monad, dyad, &c. 

Thus each vortex ring in. the atom would correspond to a unit 
of affinity in the chemical theory of quantivalence. If we regard 
the vortex rings in those atoms consisting of more vortex rings tlian 
one as linked together in the most symmetrical way, tben no 
element could have an atom consisting of more than six vortex 
rings at the most, so that no single atom would be capable of 
uniting with more than six atoms of another element so as to 
forrn a stable compound. This agrees with chemical facts, 
Meyer in his Modernen Theorien der Ghemie, 4<th 
Edition, p. 196 , states that no compound consisting of more tbau 
SIX atoms of one element combined with only one of anotlier is 
known to exist in the gaseous state, and that a gaseous compound 
01 tungsten, consisting of six atoms of chlorine united to one 
01 tungsten does exist. 

, Though in direct combination, the simplest compound is 

ne one that would naturally he formed; yet other compounds 
are possible, and under other circumstances might be formed ; thus 
one atom of a dyyd might unite not only with two atoms of a 
monad, but also with four atoms of a monad, the four atoms of tlie 
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monad splitting up into two groups of two eacli; thus the one 
atom of the djad and the two groups of two monads would form 
three primaries, which when arranged in the way described above, 
would be in stable steady motion ; again, we might have two 
atoms of the dyad and two of the monad forming again a system 
with three primaries, or one atom of the dyad might unit with 
one atom of another dyad, forming a system with two primaries, 
or with two atoms of another dyad forming a system with three 
primaries, and so on. These remarks may be illustrated by means 
of the following gaseous compounds of sulphur and mercury. 

Thus we have the compounds : 

H,S, SO,, SO,, 

Eg.G\, 

In fact, all that is necessary for the existence of any com- 
pound from this point of view is, that its constituents should be 
capable of division into primaries of equal strength, and if these 
are to be arranged in the simplest and most symmetrical way, that 
there should not be more than six of them. 

§ 60. Looking at chemical combinations from this point of 
view, we should expect to find that such compounds as hydro- 
chloric acid, where one atom of hydrogen has only to meet with 
one atom of chlorine ; or water where an atom of oxygen has 
only to meet with two atoms or a molecule of hydrogen, would 
he much more easily and quickly formed by direct combination, 
than a compound such as ammonia gas, to form which, an atom of 
nitrogen has to find itself close to three atoms of hydrogen at 
once; and it is, I believe, the case in direct combination, that 
simple compounds are formed more quickly than complex ones. 

We shall call the ratio of the number of links in the atom 
of an element to the number in the atom of hydrogen, the valency 
of the element. To determine this quantity with any degree of 
certainty, we require to know the accurate composition of a large 
number of the gaseous compounds of the element ; thus only those 
compounds whose vapour-density is known afford us any as- 
sistance, as it would make a great difference, for example, in the 
valency of nitrogen, if the molecule, of ammonia could be re- 
presented by the formula instead of NHg, and differences 

of this kind can only be determined by vapour-density deter- 
minations ; so that in the following discussion of the valency of 
the elements, too much importance must not be attached to the 
result for any element, when the vapour densities of only a few 
of its compounds have been determined. The determination of a 
single vapour-density will enable us to assign a superior limit to tho 
valency of the elements in the compound, but it may require a 
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of calomel is Hg Cl, in most of the other text-books it is given 
as Hg^ Cl^; if Lothar Meyer’s supposition be correct then the 
mercury atom has as many links as the hydrogen atom and the 
molecule of calomel consists of the two primaries Hg - Cl while 
the molecule of corrosive sublimate consists of the three primaries 
Hg — Cl — Cl ; if however the composition of calomel is Hg^ Cljj 
then the mercury atom probably has twice as many links as the 
hydrogen atom and the molecule of calomel consists of the three 
primaries Hg' — Hg — Clg while the molecule of corrosive sublimate 
consists of the two primaries Hg — Cl^. 

The following reasons lead us to suppose that the atom of 
phosphorus has the same number of links as the atom of hydro- 
gen ; the composition of phosphoretted hydrogen PH, shews that 
the atom of phosphorus must either have the same number of links 
as the hydrogen atom in which case the molecule consists of four 
primaries, or it must have three times as many in which case the 
molecule of phosphoretted hydrogen will have two primaries ; the 
compound PH. however shews that the phosphorus atom has 
either the same number of links as the hydrogen atom or five 
times as many ; hence we see that the phosphorus atom must 
have the same number of links _ as the hydrogen atom. The 
resemblance between the properties of arsenic and phosphorus 
would lead us to conclude that the atom of arsenic had the san 
number of links as the atom of hydrogen, and the constitution of 
compounds could be explained on this supposition; there is notl 
to shew from its simpler inorganic compounds that the arsenic 
atom has not three times as many links as the hydrogen atom ; the 
composition of the chloride of cacodyl As Cl C, H, shews however 
that this is not the case and the atom of arsenic like that of phos- 
phorus must have the same number of links as the hydrogen atom. 

The compounds of nitrogen present great _ difficulties when 
considered from this point of view ; the composition of ammonia 
HHg requires us to suppose either that the nitrogen atom has 
three times as many links as the hydrogen atom, in which case the 
molecule of ammonia would consist of the two primaries N - H,, 
or that the nitrogen atom has the same number of links as the 
hydrogen atom and then the molecule of ammonia would consist 
of the four primaries H-H~H-H; the composition of nitric 
oxide NO however compels us to suppose that the atom of nitro- 
gen has the same number of links as the atom of oxygen or twice 
as many as the atom of hydrogen, and these suppositions are 
inconsistent. It is however conceivable that an atom might go 
through a process that would cause it to act like one with twice as 
many links. To illustrate this take a single circular ring and pull 
the opposite sides so that they cross at the centre of the ring, 
forming a figure of eight, then bend one half of the figure of eight 
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over the other half, the continuous ring will now form two circles 
whose planes are nearly coincident. If the circular ring represented 
a line of vortex core the duplicated ring would behave like one 
with twice as many links as the original ring. Thus if we look 
upon the atom of nitrogen as consisting of the same number of 
links as the atom of hydrogen we can explain the constitution of 
the compounds NHg, HCN, CNIi, &c., hut in 

the compounds NO, NO^ we should have to suppose that the atom 
was duplicated in the manner described above. 

The following table shews the valency of those elements whicli 
form gaseous compound of known vapour density, though as we 
said before when we know the vapour density of only a few of the 
compounds of an element the value given in the table must not be 
looked on as anything more than an upper limit to the value of 
the valency of the element. 


Arsenic. 

Bromine. 

Chlorine. 

Fluorine. 

Hydrogen, 

Iodine. 


Univalent Elements. 

Mercury ? 

Nitrogen. 

Phosphorus, 

Potassium, 

Bubidium. 

Thallium. 


Cadmium. 

Carbon. 

Chromium. 

Copper. 

Lead. 

Manganese. 


Divalent Elements. 

Mercury ? 

Oxygen. 

Selenium. 

Sulphur. 

Tellurium. 

Zinc. 


Trivalent Elements. 

Aluminium. Bismuth. 

Antimony. Boron. 

Indium. 

Quadrivalent Elements. 

Silicon. Tin, 

§ 61. According to the view we have taken, atomicity cor- 
responds to complexity of atomic arrangement ; and the elements 
of high atomicity consist of more vortex rings than those whose 
atomicity is low; thus high atomicity corresponds to complicated 
atomic arrangement, and we should expect to find the spectra of 
bodies of low atomicity much simpler than those of high. This 
seems to be the case, for we find that the spectra of Sodium, 
Potassium, Lithium, Hydrogen, Chlorine which are all monad 
elements, consist of comparatively few lines. 
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